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iCJUSC^LLIMSfiMllltS 
radoubtodlj, too preatnt thooio weald M I W tew 
m i the light of tear attooot too ilUftia&tlftg odrioo 
and looplrlng g»ltf*A«o of ojr rovorood oupcrrlear 
profoeoor A# H# Sl£dlq«l, profoefior in Applied ll&thoomtico, 
Deportooot of latbonatioe, Ali«>rh »»iUa tfniTor*itof 
All«axto. I felet tfcio opportunity to •xprtoo «y •»•» 
ooaoo »1 orotitodo to hlo. 
X oa indebted to Prof lwr s, X« Hs» in f Cbolngo&t 
Dtpartvoafe of toftfeoft&tioo, iii&arti fctUi tfelvorolty, 
Aligarh, for providing o* o i l too fac i l i t i es in tho 
DoporteMt, 
Z olae oxprooo agr sincere thonko to o i l of ay 
oo-orortocro* especially to Mr. Mood* Aula Xfefta* UP. S. C. 
0> pto» fir. Afeamd Ebon, DP. Atoml!*** Mr. Bob*, tooleb, 
Mr. Xrfoa Abort oa* Mr . f. Ba»oiit who bod abated v i m 
ae too ior» aad oorrowo o i l oloat* 
a? tbaaks oxo oloo d*o to daiftli. actional fide otto om 
ooetoto far pro*ldiag MO too otody !•**•• 
(wseani) 
; i i £ ? A c i 
Sfeo atttdj of oarawd lottlooo ttao latal / attraotad 
ttio attention of aaay oathaoa tic lane do« to thair aam 
•ft l t i i i l tBi l oloaaa»o as wall ae do* to i to ftpplloatioft 
i a varioua dooipfciaoo, mis tgrpo of atudjr i * partially 
•reared aeta omo laltlatad 07 Sotto I M M H I* • . Komtaroirio*, 
dit&or fa&a liitrodoood to* eoaeopt of 2-oaro»d apaoeo. 
So* to tfeo appiioatlao* of fuactloml aaalyala la Partially 
ordorod ootot i t oooso «ortfewhHa to atody 3 oaroofl lott ieao, 
l a tfeo proaoat tbooi® entlUad •• KOftlfci Uvncx* M «a fa*ro 
triad to aebjovo tola tml* and obtain** varioao infer* at lag 
and fruitful results, 
a* taosi* eoaprio*s a lg i t c bap tars. Chapter I# la 
introductory sad give a a orlof roouo* of the knows raaulta 
which ara of relawaaoa to oor auoaoqooat ahaptrra. Chapttr XI» 
opoao wife a dioeoosioa of ooao baoio jroportioo of a or—4 
latt ioaa, that i o t • lattlao opaos oawlppad «ifa * fr^ojra. 
lattioaa aad i t to* too* oaoom tawt i f X !o a 1 aoiaoi 
U t U o o M I I H I H lfedoklad aoaplatloa thorn to* wan 
oaf load in I oaa a* astoadod X oa * o i X OOOOONO a 
Dodoklad eofioto 1 a j i j i t la*%loo. Gaaptor IT ooalo alto 
( I I ) 
2-KB apaees and I t la quite later «o»l££ to note that 
awry a-aamcb latt ice X with additiw &»mmm la a 
2-ra apnea. In Chapter V, «a ha*t otadied to* relativa 
aalfora c oarer #»noo end It tans been shown that i f I 1» 
relative anlfara than It la equlr&lent te 2-M apace 
(or a-AM), Chapter n la debated to the etody of a»Hllbert 
lattlocs« ehioh la a wry later* at lag claaa, la Chapter nit 
«o bare etudiod pArtiaUy ordered a neread epaeea wtvlah 
need not ha fr»aere*d latt ioee. Chapter m i t doflaea ana 
atadlea ordered ee*t->2-aeraed epaeee9 Obion l a a aere 
general elaaa tbam ordered »-aerand epeeee* 
fieoh ehapter of the thoola haa been divided lata 
art I d e a . Far convenience the th@er«a»v loam a» oorallarlaa 
and aqoatione have boon nuafeered by throe ontrioav e.g. 
(2•3*4) would aeaa the fourth anaharod equation of third 
article la Chapter I I . 
The thaola oada with a eenll bibliography vhlea ay 
no •oano la arhaaat±r»«a the aeajeet bat eentelne oaly 
tfeoee rofereaooe eniofc are oaad In t*e body af the tbeele. 
( M K a t m i ) 
CHAPTER - % 
In the pgroooot o imp tor, we aostion mot woll-knowm 
rooulta froa tfco theory of lot iooo and 2-noro*d opoooo 
which oro rolovont tc our iiwosti^tirno proooatoo: in to* 
Otibaoqoont etiaptire. 
|>£TISiriO» 1.1.X. A Ml X i» oalloft partially 
oroorod if for certain paire of i t s olosooto x and j 
tfecro i s dofiwd a rotation x > y ( s i i largo* tbaa y) 
for wtiob th* foilowing two conditiono aro oatiefiod • 
( i ) x > y orclt doo x • jr
 9 
( i i ) I f x > y and y > s tfeoa x > s (trosoittti.tr 
of iatqoalitqr). 
OtflgriQl 1.1.2. A oarUally t*e*ro« o*t x io 
eailoa o lottioo i f i t oattofio* tfao following woaiitioaftt 
X) Moot of to* rooolto i s t a | * oaatica #** ow ftaai to 
t a l i * (ST) 
(1) Far any *«o ainaeaea
 H. ^ e x their 
cupreous which are denoted by i j T i j ass their 
Inftmwi which are denoted by i . M j exist , 
grilgXIOg 1.1.3. 4 eebnet j ^ of lattiea X I* 
0*11*6 a enblattlce i f Cor arbitrary x»y € X| their 
ep^na^ea^ ^vsavesonp e™aaea eaeifl^v oeao^eAvie e^^v ^BAT vn^^t ^^ ^w e v e ej 
w
 * 
WtKlfSOg 1.1.4. A latt ice X i s oaUaft osoaUba 
i f each of i to aon-eapty aubaeta hae a eapreanej aa* 
Inf i l l . 
W&pnnQS 1.1.5. A latt iea I t* oalled Ded«kind 
oonplete i f each of i t s noiweapty aabactn hawing an upper 
bound bee a ettpreaaa and each of i t e non-ecgptQr aubaeta 
hawing lower bound hae a infiam* 
BSBiM M # 6 . * •*««»«• ^»B} nf lattice x le 
eaid to be (o)»e©«rer^nt to the limit x e X ( la eyabol 
xm i*i> s or * - (o) - l i » a^ ) i f tfcere exlet baa 
aan*)teain aeoaaaaaa at elaaeats ia X
 f aaa naareielai y_ 
ajei etjMe? i M r a a a i a c a_ ajaaa)eVea% 
(i) « • in* / B • Say a^ 
<**> *n $ *m i *m *** • • M e ••• 
a 
|Kffifj|8| l . i . l . A naoaaaary and aafTlelattt audit ion 
for an Imreaolag (dacreaaiog) MqBMKt S * ^ *• %• 
(o)~eai*argaBt to the • laments x Is tha* tfaa aquaUt/ 
K » Sup xB < x » iaf ^ balds. 
DgPII^rioy X.1,7. A linaa* lattloa la a real llaaa* 
•paoa X afclcs i s alaaltaaeaualy * latttoa and in atUUfe 
tb« feUawlag condition arc aatlnf lad: 
( i ) if x > y, tban x • • > 1 • » for nrbitrary 
( U ) if x > x , tbon >x > *y for arbitrary X > • • 
[ I4J*B r lattlea are alee callad vector lattioe 3* 
ftfigKg* (1) In a liaaar lattioe tha lneouaUtiee 
x > y and x-y > © are equivalent
 t 
( U ) i f * * > o **•• * > *• 
MTintiQf 1 4 A A i t * itaMr a**** i to eaiie* 
a *Um *9— Car x- Uaaal er Hate* Ut t i ee •» lattiae 
ordered vaater •§***) tf **• etae* a* peeitt** elaaeata la 
aelaated in x sad afttfc faa net* at I t an iatrtaaea tne 
erderUf (ay reaark XI) aaJab sat isf ies tha foUeala* eeaditlona: 
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(I) i f x > ©, mmm x f ©» 
(II) i f x > o and y > o, tfcon x*y > o 9 
( H i ) f«r MQT * » • ! • • •&*• x«r € X tfcotr o«proo*a 
x -w f oxioto, 
(iT) i f X > O ft&d tt» HMUr X > O tfaOA ItloO 2* > O. 
| g i ^ | * lfeo o©n©*|rt of «:!»•« epettee *aft lixoor Utt l f io 
• * • oqaivateat* 
BJSFIMiriCS X.1.9, **r arbitrary x € X «b«ro x la 
* * ! • • • opooe tbe oteaftitt x+ • x • o i s called po«iU*« 
P©Tt» ttlft •Ittfiftfit X- » (**) T O « (-«)^ | 0 0*1 i©d |tX 
nognti c porta, and thi oloatnt }xj * x^ • x^ i» colled 
the absolute Y»1*O of the • tenant x # 
g l P J H *•*•*• Xert X e* • wot** U t t i e e end lot 
Xgsr »•* s bo •teaottt* ef i# «hm 
i . *•*I i W • Irl 
•• I M~ Irl I j l»* I 
3. ! ( ! ? • ) . Or • • ) ! i |Jb-cl 
5 
*• (1) <w>* £ ** • y* 
( i i ) <»*3rr S, x~ • y~ 
ff.?IIHXIyp X.1,10, I*o •l»s»st« z and y of tin 
F4»os «pae« X «r« calltd disjoint (in symbol i l y ) 
mmmngn l a . i u A **••• space x ia caiiod 
Archinod^an i f tbe axloa of Archtotd** 1« ftatloflod. 
mimnOTf 1.1.12. If t ^ e e n e n ft 4 * f«r «U 
n • ! , ? , . . . » th«B % * © «horo & and o th« real cuBfetra, 
i s callod aclora of AJrofctetdoa. 
i . 2 . •D6«BP-XAgty?i 
waimn^ 1.2.X. A llat«r opac* X *v«r a fJbtU K 
J* o t l l f i atrart op*©* i f to ••*» el—•at * € I ttura 
tM &BMOkt*4 a m & IMNM|lU«l afl*Vft? | | S | U «*11** 
mam afcioh «UK)f ttea foliovla* aaniitlima : 
(1) | ( s ) | £ * a a i IMI * • i f aaaaaly i f * • • 
far a l l « t x* 
G 
( i i ) ijoxjl « ja| ! | i | | f « r a U i e t a w t f i ^ 
( i l l ) II M^2 | | < | | * x l t • M «a II *«* aU 
3ft|t X& C Am 
I&flSltJCJf 1 ,2 .2 . A M^Mtte j l f t ] IB I l l M i l 
<©) 
to ee sera eeaaergent to x, that Is , mft «*—•»> x 
(«r * - (b) • l i e *B) i f 11 *£* 11 ~»> o. 
SSlSEIiJ *•*•*• ** eeqooaee SxJ la a Boraee 
apnea X la called (b)-£uada»*ntstl (*r Cunehy e§<n*eaoe 
ia X) if | la^ -atp 11 •—> a a* a, p — > «% 
BSflUglQf 1.2,*. A Burned lattice (or O-Xiaeal 
or itoraad Rlass apmoe) I» a iaes apace which ie elaaltft-
aaaaaljr a aaraa4 epaee in which the acrs e&tieflae the 
following condition : 
1*1 i Url *&*» I N I I i IhrlU 
( I t la oellat aaaataaaiaj * aba aaxa), 
fas foliaviag theorem exavaaa toe p e a u M ef 
tfe* (b)«ee**la**tr ef lattiee eperatloa ia aajraa* 
la t t ice . 
(fci (o) 
XtsyiianOl 1«2#5« A asrssd latttco % i s M U H 
fe*e#a»l*tt i f orory (bWuadacenfc&l asqutao* i s b-oonv»rf«*S. 
pprSlQfgfrof l»2#6# A b-oowsloto asraftt Uttioo i s 
otllod Bamch Initios (*r KMin»*l cr nam csneplsto ftlsss 
BpHG«). 
ICg 1,2.7. A DsdokinA ootsplsts Bites opaoo 
in sniofe thoro i s defined a monotonlc norm i s oallod 
Dsdskind cocploto nonasd lattice (or KR«»pao«). 
wriinigfl 1.2 .a, A K&-spae« is & ssdokind cr -oo»pl«ts 
norssd Initios in wnioh tfcs asm sat isf lss tns following 
two additional oonditions : 
( i ) i f ^ 4 , s, tots. * a — > • 
<U> I f ft^t + M » » { • > • * * * J J a ^ J J — > • - . 
1.2.9. A —ssteals asm ssflas* in tn* 
i t s , spnoo JC Is caitf i ssttittss i f II *•* | | • | | S | K I I J | I 
fsr arsitrssy pMl t tn slsasnts «»? € X. 
8 
It follow* fro* tho additivitgr condition of * mem 
taat | la-rl! • t t s l l * ifarl! tf * £ f 2 • . 
JMBTlllglOl 1.2#10# £tt X and r oo a Unoa* Uttioo 
ant t t i i s operator from X into T thou 
(1) t Is oaUod addltlva i f TCs^x^) - * i+**t 
for arbitrary x^» Xg € X, 
( i i ) r i t oallad hoaogaaooao i f 2(osx) • a S*# 
a io ooalar 
( i i i ) f i s oallad positive i f ft ^ o for m 
(IT) f i s eallod rogelar if ft • r^ x - JgX » 
abaro t | and ?g «ro positive additi*o 
operatora. _ 
I . 2 . U . A aara in a vootar lattioo la 
oallad aaifaraty aanotoaio aara i f for aroitraiy C > o9 
taoro axloto a 6 > a oaoa mat | f a r | { < t afOTfttat 
* * * • # II * It - * « o t H**jr|I < I W i * * . 
jpsriBirxo]! 1.2.12. A linoar optica X Is oaliod a 
countable acr id oaaoo i f U x taoro io daf load a 
9 
eeeatfeble set of mmUnesrm JJ«|| (p*l t2 t«« t) shore 
fbr arbitr-ry x ^ o *t least one of the — j BOTES 
IS * l ! f > ©• 
mFim^Of 1,2.15. A ooaatably norsed Isttlee i s A 
Rises spese x which Is a Fleas sp&ee X which i s s lse l* 
tantoualy c ocatably sorsod •ipsos in etxioh the so s l o w 
I!«IL *» mmUntot that i s § |x | j |y { i s sUse that 
I NH p 4 l lri lp f«r * U * - 1 . 2 t . . . 
M s f B M F 1 . 3 . 1 ^ J I » t R be ft non-e*pty set end <r~ 
* function on P K P x P with the following properties: 
(1) If at l«*rt two of the point a a»bto ere 
equal, the* <r (a,b,o) * e for too s let lset 
points s an* l e f I , there i s s poist o i a X 
s*ob that sr (a»e9e) f e . 
(f) <3-(afbte) • <r<afet») • V (•*•»*)• 
C5> V ( i , M ) i <$-(***»«) •^r(a t4 fe) • *-(*,»••> 
Is ealled s *-a»tria oa R ana (af<r) 2~s»trie sssse. 
10 
Hi* ooaoep* of a-raotrio op*oe ao gonoraUaation 
of tho area of it* trl&oglo In st»olldo*u& osaeo of diatnslon 
B > 2 , t? cbooeing ttxa &*aotrio ao a function do flood »fnr 
* oot# Items on ooeb JSuclidoan a$&eo of dlaoaoloA a 2 at 
• 3-potnt function* 
^-(o^b.c) • | y £ 
i < 3 
fti •J 1 
1 
8 IV* 
whoro 
and 
a « < a^. « 2 t ^ . t o^ ) 
o • < rx» r2t***t Xm )t 4® » 2-o»trlo. 
lot (R#q~) o* o a-ottrio apace. «• donoto by 
3
€
(*t») - T o « » t <r(*tfcfe) < « ] # for o»y roal 
a > o, too a*i»lgiooiff'bood of a aad fe la &• lor aay 
* • { <*v«}) . . . (»ntOm)] ( o, t R , « t n a as* > • ) 
M*Wf * t •• U t ^(») • ft 1L (•# «4) « * 
• f O l otto Vc(a,») i i OBO-OAO* for a topoXoir •*» * 
gtcoraad %er 2-eotrlo or natru&l topology of <H»^ ># 
11 
*a?* a*»*y point a of the SHattrle apace (Rtor ) f tba 
faaily «f a l l tha ssta *J (a) forms aa open baas 
[ass thearsa 1, 26J. 
nariiiaffl 1 .3 .2J^}A a aw trio « M I (af cr) is 
said to haw the property I i f the following hold*. 
If for asqaanee of points a, a^t a 2 , , # # t of & thoro 
• s la t s two paints b and c of P with g- (atb#o) f a 
Un <r ( a . b ^ ) • a and 11M 9- ( a ^ ^ ) • e t taea 
U » q- (a^aSa^ * a for every point a» of R. 
IgyiHSTlOji 1.3#5JM<*t*r) ftaa tfcs praparty s i f 
i f far aiy points a and h of R and over/ C > o th«r# ex lots 
n«i*bourhoode tr of a ana r^ of b each tfeat for a«r 
paint a* C TIft and b« C Ub q-(&,©•,b») < e holds. 
Before oloalng this ssotioa «a aaatioa aeaa trploal 
results , 
fHBQ&£H 1.3.1 .L^]** 2-aatrio faastlsa <r *• soatlaeete 
faaotioa sf throe variables i f ana only i f i t setlafles 
essa^a ^^ok^^^^Ma^abaa ab 
ana nrsjssoray 8« 
R*JI l*3.2.[26li#t (8»<r) bo a a-wetrlo epaoe. 
12 
Hian tbare oatiPte a tsa trio do&S and a raal aB*bar X 
at&b that 
*~ (»tb»o) < X ai&^A(*vb)9d(b,e)t d(b,o) td(c,a) t 
*<c#*) d(afb)j. 
|Hsegj,|qi t .3 # 5 . ®*»*y »-a*tri© opae* i s rasolar. 
JKfiHIX.3.4. *•* p i» B ^ 9 t * . « *» ifc*t§ or 
eootabla nwfetre of 2-astrlo space with 2«o«trio» 
<T\t ^ • • • t ^tptotlsroly aaa R • (8^ x» a X . * . ) 
fl**« O^t^r) i» » 2-«s**ie space afcay g-(a fb,c) • 
E
 <5fc(*i» ^i» •«) (tn c&ae FL ara ©ountnblo, l ^ ( ^ . b ^ o ^ 
i s aaattasd to be f in i te ) , HM topology lnduo^ by 2-aatrlc 
q~ i» oquiTr lent to tbo product topology F» r fc&s property 
S9 if and only i f •*dk R^  bas proper^ 3 . Similarly 
R has property I i f and only i f saoh *^ be* property I , 
*•*• IdKKJKISfi 
W f l U g ^ f 1 .4a£1*»t L bo a liMar epa** of 
diaeaeiea > 1 aaa | | • * • } ! ba i*al velvet feoefite as 
L X l sat l f ia« «M f*U«*ia* eoniitie— | 
1* {l*t»l | • • A* •*• Mir If a ana b ara ll»e*rly 
dependent* 
l a 
2. n*#bii • n*t*u 
4. I f a ^ h i | | * . b | | • H« #«j | 
| | „ « | i I t o*&l«A «-a*r» *a L *cd (&,({,», | | )a BOTH* 
i s 2-oora «ad (H3t |j . , . | |) le 2-nor»*d spRce. 
2 . 1st ( t t l U I I ) *t * Bor»d epac« of Aimtmien > 1 
and I to tss Mt of a l l toeadsd l lmar ftoetioaal en L 
with nera ! • • • $ttaa «r •qtal ts 1 , A*n 
IIMII-| A I \ • 
• ^ ' f(i) eft) 
l M N ^ n t H i i i d (MUt. l l )* a —mi «*»o#. 
Pre* condition 0) aafl (i) of Safinitioa 1.4a 
i t follows that 2-oorn i s a &on<-oag)ati*» f*petloa« 
mo following tliftoroa givoo tiio relation ootwooa a-aoroad 
opaoo and 2-»tric opaoo* 
S a f f l g | i . * a i 2 7 ] l w y 2-«o-«ad opaoo C M J.,.11) 
to * translation Invariant Z-attrttt opaoo vim roapoot to 
SMotrJo cr cavea fcy 
\r(*#©»o) • ii *-*• o-a )| 
Bow wo onali otato a tbooxva which &ivo* the topological 
otruetur* of %*m*m& opaoo, 
TIJEQR^  l#4^(27JLTory 2*aor*e& opaoo & la a loeally 
ooavox topolo^ioal opaoo3*'. 
RauRtff 
1# son? a woTia opaoo i s ottlfaroablw ao topological 
wooto* opaoo ao4 oonooqaoafljr oooplotolr rofolar, 
2 . ft* topolotJo* IMoooa op * nr» oat M M * om * 
fiaito dteOBOioaal woooar opaoo o*» oottlvalos*, 
1) 900 iotHO [•*) 
15 
3 . For eaflb asm | j » | | ftul 2-wm | | . , « l l *ftfiasa 
on a fi&it* dlnsnsioml w e tar spao* £, tfesr* always 
•xicte a raal positive nunfesr X *«0fe that 
ll*«»ll £ * I M I j | b | | fsr ftllft.bf l # 
4. Thiare exist* a 2-oorftwd ap&oo «f uooouBtabl* 
diowmaior. whiofc i s not mttriaabls and doss not feftis any 
asm [ .<*• p.13 Z 7 ] , 
5. 1Mb finite disjiasieami 2-nerwtd spec* terns 
Bt*OpS?t9T K* 
Is* fraction q- (ft9b,o) * | lb-«ttc-ft| | t **»**• |I .#. |J 
Is a 2-oora, i s aet ft c ntiaacos function of 3 Tftriftblss 
la gsnerel, but tb» following tbssrett gifts ft oritsrisa 
for i t s oo&tlaai^r. 
paUHUf l-4«3.forTA MfttrJa f«aoti«n<r as«»ei**d 
» i t t t ssr* Is ft cofttiflttOftS fsast&oa of ftll tbs tars* 
Vftriftblos i f lbs feUoviag sonditisa ssl*s» H r l > i 
tbsrs exists » asitfibssrnoed V ftf ••• ••*% « * * f sr a l l 
»*• %•€ «, lias ••!! < t . 
fts following thssrea i s 2-di^cnoiouftl saaiagftw «f 
1G 
VUBM lean* which nee fceea proved 0 0 ] * 
yasoftg* l*4«4«[3S3I«t CMUe* | | ) *• *••*«•« epaoe 
and If tea a oloeed preper aabapeee of I* fartfe** l e t 
• < e < 1 ABA b be a fixed point of w. ttaa iter* exlata 
an elesent i < LM aaafe that j |n0»b | { • 1 and 
I !*-%•*){ 2 € for a l l a t * , 
St has been proved by Oaaler, Sifldiool and Septa [.353 
that a l l 2*aara* on finite dlaannlonal vector epeee are 
eqolvaleat. 
If L Is a linear space of dimension graafesr than 1 , 
a 
l e t Sj, be the set of a l l faraed expreaslona £ a^ X e^ 
wtxena e^t 04 ( i » l#2»,,«»n ) are vectore ia I 
C £ •* * H •*»*» far « ^ . ^ X a , , ^ ) . . . < • , , • , , ) ) > 
ttH*\ ~ £ H *H 
i f and only if iter arbitrary linear function* t and g ea &, 
1' 
*"1 
m £ 
u 
ttt B^ bo tfeo qootlont fpaeo Bj/w> • A* oloaoato of 
B^ oro oalloft bifftetero ©*or L [27,58] •*& ttoo i l f M i l i 
of B^ beloagl&g to bi*oetor 0*0 ealloA ropreMBtetlmo 
of thio bireetora, Sbo bitootor with tfeo *opreo»&totl*o« 
a s 
£ a ( Xb, will aloo bo denoted C < £ o t X b , ) . If JWL 
« blvoctor Una a roprooftntatifo of tbe fom £ o^ Hh^ m 
oi^» 
•^ Kb^t t h * n i* *« «»*<* t D *• »l«ffl« only la Hi* oaao 
• h m It nao dlc«Mloa looa than or oojuol to J» •wry 
btveote? our L torso out to be olap&t [2?]« fbo op»c# with 
_ BOB 
PC <j^  ^  xbt) • E ^ x ^ ) 
? to rool# 
If j | . } j Jo * norm on B ,^ 
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| | a#b | | • | | 6 ( • K b ) | | 
defines a frtoam en L |27 | . Snore i« en exang&e In ff?3 
which enowe that for evwy 2-nera | U § . | | ©a 2* there nee* 
not exiet a mtm | | . | | on B^ which eatiettea | | 6 ( a X b ) | | • 
| l*,b| | for e l l a9b 6 L. If o i l bfveetare « w I oro 
eiiople9 that le 9 If L h*o fliaeneion looo than or *«eel to 3# 
than for every 2-»aora | | » 9 # | | on & there 1* a nam | | , | | 
on B^ with | | 6 ( o Xb) 1} • | fa 9 b| | for o i l o9b € L [27]# 
1.6. oomn&mmm or a-Boa*^ SPACE 
ttsoro ore too ^ryee of cqopleteneee one due to afaite 
£59J and other d«e to aoJttor [27] • *fcite cal l s a eeqeeaoe 
5aB | la a Conchy sequence In 2-uoro»<S apace |I># I!•#•!!) 
If there exist palate i^, i £ C L with |(a^9 a^H f a 
even that 
A ooqooaoo Cay lo oonwerftwat eeeeeaoe in % it tboro 
exists a eoiat a t 1 *ean f l a t 
10 
ill tho souse of &**• if ovary Oaaohy M<i»a8t ia etwtifift l 
in feia BOBBO. If (L t |L»«l l ) *» a 2-norsod ana**, fa* any 
b € l f vb(a) • | J*fb j | i s seal aora. A a*s*»*nita aseasas* 
i*i l • b i f *• ** e A l l M csasajr i f i t i s Gsntajr vita rosysct 
to a l l and name • f e t b e L [2?}• 
A 2-oonaefi space i s eallsa onanists* a-asmod spas* or 
2-3amoh spftos in tfca asass of Oabler [27] i f o w y Caaofey 
£*oora~ alth seqcenco la ooarcr >?»nt villi ranpaat to soal norma 
• b # A 2-»ran><5 apaoa i s onllod strong locally bounded i f far 
a9b C £ with jia.b! | f o snd saefe € > s tfea sot Wi-(o), 
l * [(*»<)# (b v t ) l i s bcuadod. Sassy strong local 1/ bounds! 
2*ee3*aad space i s lseally boufcdod* bat ovary locally bouBdod 
2-oaratd names i s not strong locally betasded. &mrj oot&tabls 
Caaony saqueopo ia tbe sonao of ashler i s Caoohy sooaenos 
in the stase ©f fnlte bait ©oarer eo i s not trat . Each strong 
locally bats*£*4 2 •an read spaoo i s a-aaaaoh syces i s fee 
nans* of Snbla* sad eonatquently in tas sens* s f A i t s . 
Osnverasly sasH 2-Bsnaoh apaoa ia tae anas* sf salts i t 
Strang loeally bsendsd aad ss i t ia 2-amaaefe spans ia las 
sons* of Casts*, ansa f iaits dlatnsiawl I sat at* ayass i s 
IMatnanb nyens. i t i s yrayaft i a an intsr« sting nay (2T] 
that L i s ff Bsanin syasa sbsasvor i t at a annas* ayass. 
Ra^ AjaL a-aatrle an4 a-asrned spsaaa bars boon ttadisd 
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b/ 5. Oahlar [ £ Q ) . s . dttOtr, 4. E« Siddiqai an* 
S, C, (fepta hava otodiott son arohlfiodaae 2*aora*4 opfteo. 
j^SISlifi i l » W l 3 S ] I*t U t I U . I I ) boo*aowat t 
opaoo and y be a noratd apace. An operator T fro» L XI 
into K In ealled a 2*optr*torc f i s OR 11 ad Mlaoar 
(or bilinmar) i f i t la linear ia both vaxlablo*. 
jyiE^^lOg l.7.2.[35] A 2-oparntor j , . ©ailed 2-boundad 
i f ther© i t a rool constant E > o snftfc that ) | f(»tb) j | < 
E IJAtbil £»r alX (a»b) C L XL. U T Is JMwuadod, than 
| Iff | • tef { I t I t*(*#b) I j £ a I |*.bj j ] . If II • R, than 
f ia oallod Afunctional. 
&ri«iao» l.?.3j£55|A 2-OfOmtor « la said to bo 
2-oontlaaous at (a»b) i f slvon e > o Ifeoro io a A > o 
000b feat I j T(atb) - ?(*•«»') | J < t* alllillHl 
l l * - * 1 ^ ! ! < * « * l l * S W * M I < * m I !*-»••»'11 < 0 
ana I !**»'•» 11 < 4 . T la ft-oontUaouS i f i t i a a-oontlneooo 
a t aaoa points of i t s ft mats. 
lot pretest of f t tor analysis i s an nnbsvnssd billatar 
2^ 
2->functienal. 2-nora Is 2-continu<xtG 2-f un© t i o m l . Bow 
«e shall state two tt*©ffoss shieh oho* that sons pr opart iao 
of -oporator held for 2~opar«tor&. 
pi»a£f 1.7.1X35]If ft fciliac r fweporatsr i s *«ooiKti8*jsttS 
• t (©,©) tfcon i t i s 2*oontlnusus» 
fgBgfg 1.7^ .[35] A blllnoar 2-©parat©r f 1* 2-oontinsoos 
i f and only i f i t i s 2-*ound*d. 
Following tbooroa olios* that sons proper t ies of operators 
ar* ocarried ossr to 2-opor iter only under eortaiu restrictions. 
j3iaoagy X.7•3.135]If T i» any alternating** bilinear 
2«oper tor define* on a finite <tt onoicml 2-oorood opaco 
tfcon i t i s 2-oouadod aed bono* ^-continuous. 
mo sot L* of a l l 2-bcondad ollinoar *-opor*tors 
Aofinod on L X X in u, wnor* & Mi >«1lssjHii spaoo as* 
M i s a Bassos, spaoo. i* sat lsf iss a l l th© osnlttsno sf 
2*Bosaoh ssass axeopt f an* s asjr 1* llsssrtjr *tfo»aost 
and rot | | t§S If f^o. ssss fcsjis i j u ttssroa i s trss 
fa* tso-fosstiesals i s ssooial sitsaUoss Qg) ss t t s i s 
dsos sot hold i s «ossral9 Ibat i s s » so mated sl l lsoar 
2¥teaetie»l dofisod as B X S shsro B Is liasar 
prasst via* 
ssbspaos sf 1» sss not s* sxtenlod star L X I , 
1) A 2«epo~»t*r T i s sai ls* altorsAtlat i f f(a*s)>MK**a) 
for a l l a** Moajring to tns doenln sf f • 
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wrm £27]. Coople*oly ^-continuous 2-oper tor0 hs<w bean 
atudisd by 3&hl«r» Sid iqui and Ottpta [353. gy-QPfrt|*s of 
froyyatyr fra yyArd»lya<yi„ t r e t te*» *»fft l * - f H s » l i 4 
V Gupta [ $ * ] • 
i.e. ^ i f A S ^ W B T W ^ -g.yffiif . ^ f f a 
aiHSjE q p l 1 .8 .1 . [15], Suppose I» ©s a wcter space 
Of dimension grs&tsr than X and C«Vvl#) i© a roal functional 
on L XL XL ohlcb sa t i s f i e s the following conditions. 
1 . (fttn/b) £ s^(a ta/b) * o i f aw! c:,ly i f a and b 
a-e l ino rly do pendent. 
2. (a t»A) • (k» *A) 
3 . (a, b/c)» <b, a/c) 
4 . (as* b/c) * a (•#*/»)§ a i s scalar, 
5 . <•*»% b/o) - <*»Vc) • (*%*/©>. 
( , „ l . ) i s ca l l s* 2-innsr pr*4«ot ana (!*(.» • ! . ) , ) * 
2»lnatr prsdsot spsss «r 2-t»rs-.iilb*rt ssess* 
1 . 1st I - ss ths spues of seqos&ss | « | j sues that 
ML * * 
op&oo v i m 2-lnatr product, dofined as follow*. 
2»t (L»( . . . ) ) bo A pro-Hlloort epace. faon 
( l * ( . » . l . ) ) J* a 2-lncor producta opooo with 
(a#V«) • (***> !l«ll2-(«#«>(bfe>, 
Sb« following roeelto aro 2-dltwnoioml amlo ;o» of 
Cojuo&jr BittlAlaHrtlri inequality and pnr&llolo&ran low. 
mmm 1 ,8.1.USL If 1 H 2-*ro-Hilbort opooo, 
thorn 
f*r o i l *,**• € X* 
gKOWai 1.8 .2 .£ .*] . on oar a-pro-HUoort 
i (o ,b | | • U,«A)^**flno« e a-norti 
<*f*/e) - • ( I !*•*•©I l f - I l * -M II2) « * 
nWtXm^ftX.BJ!*fS3\. iMt L tot a limmr «paoa 
with dlsanalon ^ ^ t t r tfeaa 1 and [»«JU] • • • TMl 
function on L XL XL which na^iafiao ti» follawing 
postal* to*, 
l#(i) [•**%b/<0 • fctV«3 • fc%Ve]t 
( i i ) fra*V*] * X G*tV«]t «or « w y roa* X anfi for 
•wwry a^e^c € L» 
2 . [afa/b] > O i f a ana b ®r« linearly indftp«n£bitt. 
1/2 X/2 
* . I £•*/«] I i frt*/«l f>tV<0 . 
Than •* «ay *&&* £M •*•] *» * wwt aVtww pro**** an L 
y » R M I*M. | jBj# a Ota* *4aaar pntaset spaos Is 
a 2 m i l t ap*sa with f*s 1 t e a |ftva/v]1^8 praTid#4 
[»»*/"] * OtV*)^ ***** » —rasa spaoa can oa aa«a into 
a aaal a-iaaw pradadt apaaa* 
1.9. 2-1 K> U^i h_ '*M...y 
3PBPI3Wfaojl 1 .9# l . [54j , L i U b e a IJjttar Ut t iea 
0*®? th« field ef raal tractor with dinetmion > 1 and 
I !••• 11 ^ a real *alu»d faaetioft defioad on L XL 
satisfying tho following condition*. 
1, l )a ta| | « o i f aaS only i f a and » are linenrlj 
2. lf*t*H • llb»a|| 
3# | l « t ^ | l » |p | | | a t b | | P ** scalar 
+. ll*tt»«l! i ll»#»ii • ll*t<Mi 
5. If ja| < |b| and |oj < |d| than 
if*.e | j < i ib^U 
I I . . . 11 1» callaa aooaotonic a nsm on % and 
( t t | | . . . l l ) i s oaUaa SfmnmA latt loa. 
JBE. ** eaa ••ally aaem feat 
l f*t* l l« l i ( M . |b|) h 
line AT 2->aora»d lattice h i s call ©A Cauohy Mqooaeo If 
there exists y f s € I* secto ttw&t y ©aft s are linearly 
iaaepeotleat, the i ta i t ItC^-^sFll l « * *«* « * 
l i s j | Xg-*^* | | * o . 
(b). A seqeeaee iXgl ill • linear 2-norxed lattice 
L io celled a convergent eeqeeaoe i f tto»r« i s an x € I 
oucb that the lift 11 *a««t J11 • o f»r al l y e I# If x^ 
converges to x# write xft — > x and call the l i a i t of xft# 
(e ) . A lixea* fe»a»rs»6 latt ice Is which rrery caoohy 
sequence Is coisverfoat sequence i s called 2«Buiaefe lat t ice . 
Let S, bo denote L tcUdaan TOO tor epaee of dis»&sie& 
9 and a • i^ • fj +g | # b • tft • *^ • % bolont to Sj 
* < b i f < , y < a, * < a. 
| Kb 11 -(Ura^^Ul ^ ^ | M s # t >fj 
i s a 2-eoraaad ( I 3 # | | . # # | | ) io a t M i i i i latt ioa. 
j ^ ^ a 1.9.1. IHU i** [x«j ^ [ M *• ** 
sequences in fr-aerned lattice ( L , | j . § . | | ) oath ta*t 
| x n | eonv*r:^B to x *«i ^ ooater^* to y . ifata 
*B • yft and x n / \ yR converges to a • y and a A y 
respectively* 
{ 1 . 9 . 2 . ^ 4 ] , Let L be a 2-aoraed lattloo 
then tbe mppim <*•*) — > (a • w) •** (**?) — > <*A*) 
are continue* 2-operntor. 
2£Stt8 *•*•'•&*]• »% (t, |L9«l j) boa 
lat t ice and SmA • }'n\ e L •*• 8 d ^ 9 a s * s •w^ thft^ xn 
corrrergea to s and yft oourer^eo to y ia U Iben 
*a 2 y» f ,qr a U * • Mf»««» i«fiy « 2 *• 
*t^a|g 1.9,4. [$• ] . Let (L»IUV . | | ) b t t 2 ^ o n e d 
latt ice and * £ o U e 1 ) . rtie eet (ax} n»l»2, .• . 
of a l l aaltiyloa le bounded. Then a la Une-rly dependent 
to a l l eleaoats of L« 
Is a aerioe of rooearch papere oiihler [2^7! baa 
obtained fttA&aaental proper t Ian of i-noraed apaooa* 
Raoontly S&tf&eoi and ! A i^ml [ 3 ^ ] b**» otodiod th* 
©onoept of 2-OOTB*4 la t t ices . Sea* of tbair reacHe ere 
Motioned in the previous chapter, it, tfce pre earn* ebapter 
*• wo«ld Ilk© to iwreeti^te tooclocioal proper i lea of 
3»noraed lattleoa beaidea order 00 tlnnlty of monotonia 
2-aor» and l to rotation villi bJvtobsr*. 
vqnmnOB 2.1.1 [SAj* I** *< be a U a n r latt ice 
ovsr tbe field of real ausfeera #itfc dto > I and 11.«. | J 
bt a roal valued function ea I X L •atlaQr tbo following 
condition* ; 
*• | p * t * H » * i f and only i f a aai b aro liaaarly 
2 . | | a t b J) - H b,a | | 
3. lift. # * | | - If I fi*e»lf 
4. l l a f o*e | l i ||a*b{| • Ija^H 
2 J 
5. tt 1*1 i 1*1 M* |o | < |«U 
*»•» U»t<*I! i N M I i 
lUt . i i I* eaUa4 Monotonia a~a§ra and (1»|{.». | | ) Is 
eallad awaoraad latfcjaa* 
382HISI ***«2* ^ aiaaa**. a *M * af 3-aara.d 
lattice ^ are sala to tea actually orthogonal If M A M " © . 
Wm MM s a . l . fcat I. ba a 2~i«n»a lattice. Xf a_L a 
than I) **vil • ll(|a|*M>*ll *«* *u c c i. 
^JS£. Hr tfaaorao <f>7]> 
| a*t> | * ja| • jb| i f a l o 
Baaea \ty ttm oeMltiim C>) af £-&B?aa* lattlca, *t har» 
i i C ^ D t a i l - |i { faj • |*j)ta |U 
SgUItlQf 2.U5J49]. An a«ter«4l> topalafiaal 
*•***» spaaa u aaii ta la lae&lly t v t m i earns i f 
1) Aa arftaraa vaatar aaaaa ia aalUi am araara* taaaiagiaai 
+**+tr ap*ea If i t i s aiaa a taaalatJoai aaaaa« 
the ordor«d«eaifa neigbbevrfeooda of ««ro eleoe.ote fame 
O Bfiee. 
J ^ 4 2 # i , I [ ] , HI X be MI ordered aaaaatative*) 
topological freap with positive eeae*> P. the follavia* 
etatGnente are equivalent. 
1. X la leoally ordared-oanrQX, 
2. Given r la (3M^9 **•» **«**• •**•* • *» 
( 3 (*) •«ofe that If x«j C J? and x*y 6 ?# th«s 
x#j € 0. 
gicO^ -KM 2.1.2. Seery a-oeraed latt ice i s a locally 
ordered M S K S topological vtctor apace. 
yao^P. frooediflg on the l i s** of Qahlar i t eea fee 
proved that every a*aera*d lattice ia ordered topological 
group. Siaee timij liaeer lattloe baa * positive eo&e ^ , 9 ] . 
2a view «f the loam 2.1»1. to frier %e yreaf «k* theorem 
i t la amffiolaat to prove that the give* w^Co), there 
1) 4a ordorod oeaamtativ* freap i s a eeeatttatlve treat vita aa 
orderly eatlefylag m <r lapUee ^ t ^ ^ t i r i U etx. 
a) l*t X be a llaoaar epaeo. A emi MOJ*/ •»»••* » of X e U l fee 
called a cone i f 
( i ) p • i c P* (U) X P C r far x ^ o f ( U i ) * n <-*) « {•] 
9) Faadasaatai aye tea of nol^bourhood of tare* 
3, 
Bxinf a w ,(C) € 63(C) ouch that i f xjr C P and 
**y e *vt(o) tii*© *tjr e Mo) . 
lit 
thou for 
& 
*• 7€ P» z*y e r , (0 ) inpliaa 
SimlXarlj <j- (o*y1#jr) < t|_ lapllM * , / € f£ (0)# 
B S u«5, (*) if a,ii . f . i i) * • 
Utt loa thM f or Mr i t l , | |b( | a - ) j*#fci | to a aanptanlo 
(b) If ( i ^ | i # . . | jjio a 2»wrm& Iftt loa having proper* t 
thta 
IMI • ll*» • • ! ! • li *•*•!!• for «rWtn*y 
pair of el «&»&£• »*, b* i s a Bono tonic nor a en L* 
gj2J£. («) 1. ||»|L • H***!! • • ** * • • 
• in i i i ^ n 
- in 11*11* 
- IOMI#* iioiia 
*• If |b | < | o | tt»a 
n*iUrH*t*iti I I * * I I * M<MI* 
B M N i i * t l a * I I M * I I to » wm**mu tam • • , 
* • i f tad oaXjr i f •> * • • 
• | ? | |{fe.**|i • I i ii*.*»*U 
• I N (iit»t**n • n*t**ii$ 
• If I 1 1 * 1 1 . 
£ i f * t * * i i * i l*t**lf • H*t*# IMn>t*MI 
i ! { • ( { • 11*11. 
4. I*t jst) < |fc{. «« turn 
| tali • |f**a*ii • i|«.b*j| 
|jfcj| * I jb^*!} • | | b f * * | | 
IV tfe» e«aAitlon (5) <rf wmmfmU 2-mtm 
It • ^ * l l i I t^' l l 
I !*#•*! I i ll*t*#J} 
3-i 
whlefa lapllee 
or M • I! < II * 11. 
Beaee 11*| | • {|*#«*i i * | )»#»*!! ** *oa©tonie norm on I , 
gBfWn<frSI 2.1.4. A monotorlc 2»twr* deflate cm Ur*«r 
l e t ioe L !• ©filled a d i t i w If |ja*b fc| | - j |a,o j | • j |bto 11 
for arbitr ry steel tive eloaeate a9bto e . 
yflXtfl.QK 2.1.5 [59] . If o *» ***** non-«oro eleaaent 
Of L (2-aoraed apace). X«t ?<e) deoets tfce linear soe 
of & generated by e and r^  be the quotient space i/V(*)» 
For a e L« lot aQ represent the equivalence of a with 
reapeet to T(e)# 1^ i e a teeter apace witb addition 
give A by *0 • »c • (*^b)0 anfi ooaUr multipllo&tloB by 
L a u u 2 a . 2 l W l . l i . i l , U i M n i o ^ 
JSSS&BI tA«4. Xf L ia > norojifl lat t ice tmoa ^ 
$» aoraos la t t ice . 
3o 
thsn 1^  i s norostf B,»C© witto ooraa | J*01 | e » j |ato 11. 
If 1 H vsoter lattice tfesn r/T(o) is also Tec tar 
lattios [ ] . 
S**» |*«l i I V topliw |«| i |b | t W **• 
•onetonltr «f tbs 2<-«ar» 
!!*•« it i II * * II 
tl*t i s , 1 ^ 1 ^ ^ 1) b^J|«# 
BMOft 1^  is mrm& lattlos. 
C£fH£J 2,1,1- If <ML». | |> ie ftiUU¥» ti»& 
(X> e tM.t» | | ) i* a d d i t i w . 
,3&<rsy 2.X#5. If L i s * vector lattice and tfao 
saat tls» a-nsrssd ****•» tbsa a assssstifar sua sufficient 
condition for i t to bs psssisls to lntro6«es la L aa 
•ovivaUttt aoas+s&l* t •» ' • ss tfeat tbs lafttlaUj 6*f ins* 
I m i i s l bs as** t****«rft with tbs srssriac i s tbs 
fsllsvlnc ssflMr, 
X* l l ^ t s l l — > • *•* • * « * «• —* Wm\ S **! 
fsr all n» l ,2 f **. tbsaslss ||y ,s|J — > a. 
for arbitrary • C L and |y a | ^ Jj^l. % th* sonotoni* 
of »-nern | | jrnt«ii i II *»t«l I *&*»** is^iUss 
l fcr a i«l l — > • • 
Sufficiency. Ssfptss stops tifellMr ecnditiOi i s 
stttisfisd* Dcftm * ass a-aani on L M 
*,y art i iassrly dtpsnAant *a& a#b srs 
lins»rly sspsndsnt. 
stoSr* * awl b I0&B arbitrary elooont of L. #0 aba 11 show 
ttoat I jx«A J J < • •» fsr arbitrary x € L. In fact, If X ^ 0. 
£hsn also I j ^ xfa {| — > s . Jhsa s i s* for arbitrary yQ 
vhleh satisfy tfet condition • £ * f t i Nl *» &**• *&** 
jj \^rat*H — > © ( !*r tb* coapatibi l i* s s s t i t i s a ) . Ifcsn 
t t* sst sf a l l y sfeisfe s s t i s ly tns soeSitlsn • i y 4 J*I 
far «**»» x i s bousssrt wits sssssst ft* ssmststtls ^ B U I I , 
| L t # | | # sat i s f i ss a l l ths ssnAltlss sf —sstnnls 
1. M * , * ! ! * - * i f sad only **»<W,Jl*»*n • • 
*SF i r s linsarly ssssassaft 
sa i a,b srs Uattoly s*ps»is»ft« 
{)*•*{ I • * i f at* way to j { y,u;» * o 
I }xt*( ( • o if **A only if y i s lin»co*ly 
fepeodeat t» b» 
| {x«a | | • o i f aaA only if x i s Un*fJrly 
dspsjsAant m b. 
2. JN^II** H**!!* 
l l x , * ! ! * - 3up | i y . b | | 
©<b£|»| 
x»y «r« Xinsarly Atpsndeot and a,b 
are linearly dependent 
«nr?|K} 
x«ar aars liaMEfcy *«p»ai«B% «JBA 
* and b mm l inearly i»9»»6«ftt 
• ii»t«ir 
5. ||to»»ll*» ix| ilm^lt* 
33 
x«r **• lia»**ijr dependant and 
*9fc *re llatarly tepoaAta* 
• |x| m I ljrfii| I 
X|jr at* i imarly 6*i*aA**t aoA 
atb ww linearly d*pm&«&t 
- IXlll*,*!!* 
Srt * • j y x2 # than |x{ £ jx^j • j* g { . i f 
• £ y < |xj and o < fc £ |a| thon ^ tha theor« [57] 
y ean t» r*pr«aent«d in tfe» font y • *V*2 w b * r t 
• i y 1 l»il •** • i *« i NjU 
St&o* 
1I*#*JJ#- l l y * * ! ! * 
• * » ft * i * jrt»»ll 
a,b mt* l l m a r l j 9m$*nm*A 
8;J 
•4r**l*il 
•4*4l*i 
i *? l l ^ t l • » * lijr t#*ll 
•<* i i * i #41 41*1 
| | yx t t a | | * $ 11*^11* • Ifc^tftII* 
5. *•* 1^1 4 |*g|. tt fcrx| 4 |y2l 
iJy^l l 4 t iy^a | | 
BMM§ 
*» II y1^l! 4 mm II r^* II 
s ^ ^ «r« Uaearfcr SgtTg « • I t M i i l y 4»p*nd«ftt. 
•r ii v * i , # 4 n y ,,#-
mac* L I * * I mfifl Utt*0«v 
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2.2. yog,,go^HTO••trW^m 
2*2.1* [57], A •oquoae* jx^J of a 
oloowflfco of a luttlco L i s ooi£ to bo order cosvorgoaft 
(o) to tho limit 1 6 1 (In ajretbol x^ — > x or x»(e) l i » x^)* 
i f tboro oxiot too aoaotonio oootioneo of olowuoto froa I* 
i y j oooroooiiig ftaft i o^j iaoroooisg oaoti that 
i ) . « • i*f *n~ *»» s 
i i ) . « n i « a i y„ *•* » • 1*2, .** 
IHflDRSy 2*2*1 [57J* A noooo©«*7 and ooffioiont condition 
for OB iaersaoiag (ooerooolng) •oqu*nec fx»} to bo 
(e)~O0fnr«r^at be tbo element x io thst ©qua11V x * Sup xft 
(x • iaf xa) hold . 
2*2*2* A 2-oporatW T t l_X L ~ > f 
ofeoro I» io 2~*»rao4 Uttloo oao F i* oorood lattioo* 
io ooid to bo ordor oowtl—QUO i f tno 0*40*000 *(*afJa) 
io ordor oojimpat bo boo lialft x(x*j) la ? ofeo 
«BO m w i i i j a y * ftmi mm orfto* oonvor^t&t bo bbo 
l i a tb x oat 1 i l l rooooobi^oly. 
2*2*2* Monotoolo 1 noto on L io ortor 
i I ( V * * 11*11 *»"•• V * I * 
• il*#rll • M**rtt**r H 
w I!**•*»!I * ll«wrI! i M ******'* * * ^ ^ a ^ " 
(o) 
Sit 
H - U » 4 X V VH* *• *" *•*••••#»] 
»f if» «a •qmimlu«« n U t l t t ^ a 1^ M fellow % 
4;J 
a a 
t *t X b ^ ^ t a j X b | if and only i f f or a*r 
monotonia linear functional* f and g on L 
i*i 
<•*> Si*t) I A | f(*I) g<*J) 
£ fC^) g<bA) \ fr I *<*£) ff<toj> 
Lot 8^ bo tho quotient opaeo 3j/v^ . 3ho oloaoota 
of B^ ore oallo« bivoetore ortr L([27"J [59]) aaA tht 
oiorao&to of 3£ whloh bolong to a bivootoro or* callod 
rojprootatmUwo of tbo bttootor, lot & ( £ a^ X b^ ) 
do&otoo tbo biToctor with tho Vwproatnt&tita £ a* Xb*. 
If a bivoetor bao a representstiro of tho for* a X b, 
than i t i« oaid to bo oiaple. The opaeo s^ of biwoc* 
toro o«or & boooaoa a iinoar spaee with 
Xk ( i a. X b t) • E ( £ X i . Xb- ) t 
wfcoro X ia **©*, aaft £>( £ » 4 X ^ ) • £ ( I *»*»><*ISHP 
aat E>< * ** X»«> a*** a aar»oa latttoo L a** too 
•aaotty «q«ol9 i f for arbitrary aone tonic liaoox faaetieaal t 
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and s on Lt th« taxation 
*
 n 
la alwaya tr«a. ffeara 
^ fcil* follow© laeaadlataly fata a tbooraa 
[27] • So •rory biw^otore b o*»r a nomad lattice L and 
arbitrary aonotonic llnaar functional* f and g on L » 
a 
we ahall aoeociata by meano of raprceont^tlon £ a4 Xlu 
I m 
at a raal mefear * £ £(*#£§*£§»£)• A» follow* 
a <^ »^ 
froe the thaoras 3#3 [ 3* ^ i * *• inoapeadont of tbt 
special ohoiaa of representation i a^ X b^ of b • 
»e a ball use the eymbol ?*g( k ) far i t . the collection 
af a l l tha X aajaotaal© linear fanotlonala f of L with 
f»iO«qi M e t , Far a wary aanaai latt le* L, 1^ la 
la*t*»* •*#*» to* a m « * f i » b/ ta* ftoetttea 
| E I • 8 ^ f * ( E ) «Wr l^
 f whara •*« • f 
4 i 
l*0(ff» In Tl«v a* %fea tbaeraa 15 [Z74 ^ U a 
aaraad apace wltti abet* dafiaad aorm. SSW aa define the 
or4&r taliatdott la 8^ MI 6^ b* ** •«* only i f 
* 4 < aA
f
 ant b^ < b | fa* »U 1, *fcere £ %A Xb^ 
and £ raapaatitaly* This order relation i s reflexive, 
ant lay ana trie and traaalttve. 
Haw we b&m ta afeaw 
U ) If £$ &• a»dk , f € \ than E+ & " ^ £ • • £ # • 
(») If ^ 'and X > o then Xh & XE>«« 
(1) lat r. a j ^ X bJJ^ la on arbitrary representation 
• f E > " . 
E*6f • ( U | i \ ) , M ( y V <^**ik> ••••• 
4vr>" 
B <£>' iopli*© that «i i * i *»* b i i b l t^or all i t 
and so <•&•*&> < C«{»t>{) for A U 4. H«ae« 6 • £ • • £ £ • • £*• 
(t) slaw XB« X( r i j X y * i t j X** t 
/ • • 
£> * £ i»pli«* that £ e iXXb i ^ 1 aj X 3CbJ 
that i s XB £XB* . 
Henoe B^ I» »n ertered vector apae«# £ and £ • ar« 
way arbitr ry «l«a«nt of B^ 
X&flm and • • » • • art owp«f d o»a-41i»««vl** 
tfetJ* «xl*t«m for %•• •&«•»&%§ «rl ! • guwiiiatoi *«*««§ 
l i l t « m t UtHlM ( 
9MT «• I S M I M «t» noBoloaitjr* 
I f J - a* i**C 6* ) 
Stoo* for aa arbitrary r*pres*ftt.%icn £ a^ Xb^ of 5 
and an arbitrary aonetoalo liatnr functional f Had g ef fL, 
* » * & • 
t«fc * * 
***<&•> i « HHt l H U H 
i f f* 
s* get aft 
I S I 4 ! £M 
Th*e ^ J» a • w r i t latt j f t* . 
Xf a l l fctveetmi «pir & «ra •&§*•» tbat i t , I f i 
has dlnanaloa laaa tfea* or aooal t» 5» tfea* for awxy 
4: 
a-nom | ( # t , { } o « L there la a n*r» j 1.1{ ©a BL 
with | j~ E>< » Kb ) 11 • {|*#b| i l*r al l *9b C L. 
jjgffBJ 2.3.5. Let L be * llaesr lattice of 
diaenairo lese tfcan 3 a»4 B^  i s apiaad latt ice with 
tfeft oori } b | ovtr B£» £• can deriw a «onotoaie 2-aer* 
|) a9b If OTOT L by the otipulatlon 
H * t b | | • |B( a Xb) | 
£^0£. 1. | |a»b| | - | B ( * Xb) | 
• 0 If a ted b are line r ly dependent. 
2 . I l*ib| | • I E< » Xb) | 
• I 5 < * * * > I 
- li b»* ii 
5. ItaJtlt* I f t* *<*) | 
• l»| | £ ( % * * ) I 
• |P| IM**II fm *mwr *m* aaa*ar p. 
4a 
4# !}ft fb*e|i» | E U x < b * © ) | 
< | 5 ( * Kb) | • | B ( »K«) J 
»• Et * c H * V 
£l i £« l? and ©*ay i f « 4 £ ** 
*** N^U l«*l «* IV * *V 
IIVV* • * S*»ixV* i * 5 (*a xba)| 
• II v V I 
£*»• | j*#b| | r*po»Mttt« «h«x«ffcr» * d»a»H»i 
gfflf*^ W W W,!F§ 
l a too pr«Tiou« otmpt«r9 *• taw att*ll*4 a-atr*** 
I*«tle«e. In this ebaptcr, «• study aalnly oottttMtbly 
&*&0r**4 lftttiooo whloh lo «*o*ral cl*e« %*«* tte» olaao 
of 3»n©ro*d l*ttlc«»« A t h w « ooBewrfiia* IftooklM 
•oao&tto 2«*»rn»6 UUio«» lo olao f«*wa;# 
^^M^lOB 5.1.1. If in tt* 11**©* aposo x9 for 
••ery «lwawit x*y C X, ffttozo i s feflntd a aoa-aogftUvo 
number | | * « j | | satisfying 
(I) l l ^ l l • \tf*\\ , 
(II) | 0 * t y } | - |X | | | x .y | i f 
U i i ) | l«**t« h i !!*••! I • lly.«ll 
th»a f^t*? {( in •a l lo i a Med 2-eor* of tt» •Uwotrt a**. 
SgggU for > — i t w i n » » « o i U * >|«fy|l » o 
io t i n y w i f t l i IMTI * ,y «ro at* Uw—rly w p m n l . 
yarnanoi sa ,2 . A UMtf OB*«O X « m ai» x > 
r" ' ^ 
ie ealla* a cauAtably 2-nonaad apace i f in £ thara J* 
•fear© for arbitrary *• y net linearly dapandaet at laaat 
oat of tfc* aaol 2»aoraa | |»,y J i > a. 
2 2 2 5 1 2 1 5 . 1 . 5 . Amvmm* fa] Accountably 
2«oaraaa apaoa i s oallaa oonrergant ta x with raaoact ta 
a l l aaai 2-mrm If { Na*«*y I L ——> o for a l l p"l«2v ..»y€X, 
m^Itancs 5*1.4. A • • q m e * of alaaanta * a c x 
i s callad Oaaefca: aaqoaaoa if 11 *£*%& IL *•—»> 9 for a l l 
p * l t 2» .* . f »od y e x , 
j&fjSIfl^p 5.1.5. k ootttitabSy c-co'DOd apsga la eallad 
conplata i f ewx^r Cauotay ooqtaifle* hao a l i c i t In I t . 
yn«flOJ* 3.1.6. A eoaatafcly 2-flaraad lattioa i s a 
liaaax la t tie* x afeiofe i s alaajltwnaoaaly a eaantably 
t«mar—ft apaoa la which taw aaai ? n t a |) x - j } | aatlaiy 
the eoaUtloa |m| $ |x*| aad |y | < tr'l laaAlee tbet 
lXMoM* 5.1.1. la* X be a ceaatably a m w l Ut t i ea 
eat f IMWH «fce eet ef •oaataiaa bflnatai llaaar faaotlonal 
oaf lata OA X with nam laaa ar eqoal t e 1 tata 
o ^  
I f<*>. «U) 
f(b), f(») 
i | 
la aoaotoftio ooai fr-aeroa oa X, ( X, I | . t -11> Mm m oouatabljr 
2mmnm& lott ieo, 
«t ooa new giw * isoaoraliootiea of laooroa 2.1.4 C ] • 
fwo eooatoblo arotoao of ooai s*oorao Oofiao* on tt« MUM 
liaoo? opaoo oaA transforming m i s apoeo into oouabAbly 
2>mTWm& osftoo «r# o*IA to bo oqnivale&t i f oonvorgeaso |* 
tao a m with r t ^ M l to tfco bota ojrotoa of too ooai 2«twrao« 
3#X«1« If I H i liaoar latt leo and olaol* 
taaaoooly * coontably 2-ooraed op*eot tbon a 000001017 
and ooffloisat eoedition for i t to bo oooolblo to iatroaaco 
into I on OQuimloftt oyotoa of aoaoteaio ooai 2«*aorao 
lo mot mo Initially oof iao* ooo* a«e*rao la X bo in 
ooaoorooaso with mo orOoriag la tao followiaf aaaaor, i f 
brar < fr; U **malao l i » i » * i II , — > # f t r o U 
9 * !•£#••• * 
mo proof of mio taooraa followo oa tao liaoo of mo 
proof of tat moofoa 2.1.4. [ ] aaft oo oo oait i t . 
3A.2 , amry ooaamolo a ooraol opaoo X lo 
ry.i 
2 itrlaaMa that i«# anarea can 1M Atflaaa la x to 
that aaavarfttaoa eolaeJAas with con*»r««&ea la tea 2-mtrlc. 
t&ax»aa*ai»9 aa lararlaat a-oatrlo aaa always be latroAao* lata 
X, that la, mm that 
<?(*#*#») * £(*-•# !*••*) * « araitravy *«y# a t X. 
Saa*ly9 i t aafflean to aat 
{[*-•• y-a | L 
(>U.y»a) • £ -~y - • » •< (5A.1) 
fECor. Xt la aaar ta rerify that (J (x*y9«) aaUaflaa 
a l l the axloaB af 2<-t»tria ayaaa« 2ha trlaa&a inaquality 
la wrif la* wltti tha aid of tha alosaafcry inequality t 
a/l*« i n (la;) £ r / ^ If • i « J * i * L 
«• ahall prava that tha &-aatri* eenwrgntea in X 
oalaoltiaa with eomnrgtaaa in oaaataaly n aarana •aaot» 
It () ( a ^ j y ) —~> a f*r a l l y# feaa i t ia aaay to 
aaa that Ijx^auy-a | | f — > • t r n U f , that i s , 
II x ^ t a l l , — > a far a l l a. [ Gaa aaat taka lata 
aaaoart that ftf «B /(x^-) —•> • * S 2 • ) i*** •*•» 
•a — > a J . 
SNBSgtikL* Snypaa* a
 B — > a la eaaatably 
f>a 
•pao«# w« fate € > • etteos* r and ft no tt*»t 
< €/2 ana [| *a«*#«| j f < $/* Ur n^V and 
2 
^ ^ U l lm,^ . JWljjy 
• £ • • — '•"• » » i m • iim n in 
4WI iX JP 
X* II xa-»t3r-«llp 
r i l!v*"llt 
^ X* lt»a-«t»|| f 
* » X • X 
< t/t i — • £ — 
< t . 
CMM^ MBtiar ^ ^V** * *—> • ftr »u y. 
In ytrUeiUri cvtaqr eoaBMly 2-oarattd latt ice i* 
a*«rla«tl# v im tb* *IA af an tmmi laiil fra*trie. Maraimr 
as ia the above theorem 3.1.1* ia a countably 2-normod latt ice, 
and consequently a 1 M 2-*etrio convergence ia in accordance 
with the ordering i f p (*B.e,») —•> e and |y a | $ 1^1» 
thea also P (j^B$*) —~> • far a l l • • 
3.2. as^ f fpcwp^,,^«y|^ ij^q^ 
Ptrimgoa 3.2 .1 . 1 Dedekind ooaplcte Uaear lattloe 
U oalled a Wdekind eeaplete Meaa space. 
DEFISI -ICIT 3.2.2. If I ia an Arcniaedean Piaai space, 
then the Dodekiaft complete Pisas space X poaeee&lng the 
proper tiee 
(1) X i s alfehraioally and latt ice laoawrphic to sea* 
linear subset I C X , 
(2) the correspondence establishing the iacnorphisa 
A 
between X and T i s an encoding of the rieei apnea X ia X 
with preservation of laf Ja* and eupreaa, 
0 ) Pwr awry i l l there exist seta of e lease nte 
y a t yj C I < o « A, p « B) ssah that 
2 » eup yfl - laf / • 
i s oalled the fiedaklad eoapletiea of X. 
BsriniJOM 3 .2.3. A Dsaskiaa oaaalete Ritas saas* 
ia ia which tharo ia defined a aoaotoaic 2-aanra ia oalled 
a Dedekind complete 2«aaraed latt ice analogously, a Otdeklad 
-complete p . iesz space with mcnotonic 2-norm i s ca l l ed a 
- w&*f 2-?»rm& lattice, 
l«IPft»B 3.2.X. U X la * $»fl*?aad Xat ie« *** i 
tm i t * Sadekiad eo»pl«tlonf then t&« 2-nerm d«fln»d la % 
««n to cMttafed «• X aa that X I I O W M ci aadekind 
e*aplat« 2*aaraad latt ice . 
ggggg. For aaraitraiy Xj, ig e 2, oafiaa 
ll*it«fcll#a *af „ 11^1^211 
*i*a e X 
(Tbe eat of sacfe y ( s la net •apty according to the 
definition of the Dadokind eoaplatirn ) . 
Clearly ji a x »» 2 | }*« |J x ^ ^ j | Jfcr ^ « 1. 
siaee the aaraa defined in X Is aaaetaale 2~nera , 
• • •hall wUSr * » t 11 *x§*2 * l# »*tiat* to* 2-aam 
in x . 
Xf x1 # x2 j* a, ^ , 1 ^ 1 x. Shea fear* exist* s^eSg * * 
•aoh seat © < a < 1^1* o < K | x t | # 
5u 
*
f
 K l i jr l t l*2l i y2t {«• I £ y ft y1*y2ty* « *. 
tt« |x| i y^ • y t . 
l l*t*Mf*< to? , l ly i^a^rM! 
yf2!*f I 
y**f*'| 
^ iar ||y,»yM!* *** . f l y * * ' I I 
yf2t*M y ' i ! * 1 ! 
%h*« *• I l ^ * « ^ * | l * i l ls^^MI** i l ^ M I * . 
w l ^ l i tyxU 1*81 i l r t l *«* ^ t yx«yt e x. 
Huft ) | S i t S g l l ' i l l y ^ a j l l * . ( »>U 6«*4itl»» Is aoMtoai^y 
of 2-a»n*A UtttlM). 
BOM* 
•lint1 «i^ i^Uhil 
E«no* X b»c«nee a Mo&nA coojfl«1» *iwr»©d lat t lc* . 
f.Kl 
GEt&tm - i f 
In chapter aeoond, «• nava atudiad tba aoneapt baai© 
propartiaa «f 3-aoraad lattioaa. la tha prasant cbapt»r 
wiHt tb« elaaa of 2-aon»d lattteae, known a* 2-X2Wepaca 
In wfeiah tba ©rdor-ooflfaTgtttca and tfe» bo^ndadjoaaa of * 
Mt ma bt ebaractaritad with tt» halp af &-a*r»« 
MKWgfiyi 4«IA« S-OMipaoa io X*6ak*iid oovpla* 
2-nonaad lattice with 19M propartiaa. 
1. Xf j i A iff d©era»»ing aacpaaoa with inf(xB) - o 
than tha Xia 11 xft 11 • l i s J| *n»»l I * e for a l l noi>*aro 
il l , 
2. *{»„} i. ! « * . -**-». . 1 * • . 
P m n r i O l 4.t*t* A Oadakiai a<Mjft»a» Piaaa apaoa la 
Mi d f » % • & M M ! i f i f t M flfe* mm*%mm*mm M l i U l f l g i M H 
eritariaa i s *a l l i • 4 Minnny ta t asfTloiaat oonaltiaB 
Uft tt» anteat a* T •* «a a m a H * vaftlav DoftaklBd aasalate 
*iaa« anaaa x ta %» EiMrfM if t»*% fnr an artttrax? aaquMoa 
• f ol#a»ntn i t T «a4 arbitrary sequence of nunb«r* 
( • ) » 
X^ «• » tt» relation 2 y ^ —— >o hnin. 
Lit s^9 «2*«.«» *B *• finite naofenr of oloaontn of 
2-»*paon X then «• fenotn | | ( l ^ j T t»2JV,..TtKnl) » Jj 
W II *^§^»»**t ajB»* IU 
flgOUf 4.1.1. A nnooeoaiy nn4 sufficient oondltlon 
M 
tim %n — > • in that 
II *»# ***l**"» s**^ * li — > • U.1 .1) 
£tr nil. M X I I B ——> ~ (onifomijr with reboot t* n) . 
Co) ffiOOg. Hocoooitjr. Lot xft i - i> 0 . Than tbcro aatieto 
n mi quo no* yftJ, • ntiob that I * a I i * a *•* *11 »• 
Cono*qu»ntl/, for arnltrasy n, 
nnt hnnnt tmt nr nitruy n t I 
II *«•**•!••••• * W * Mi !!**•• IU 
Bnt I i ynt*l I —-> • •« • • * » • (4.1.1) * nntinfio* 
that u. 
CO 
(unlforaly with roopoet to a ) . 
Saffletoaoy. Suppaeo U . l . 1 ) ie •atiBfied. fhoa iter 
arbitrvy e > o» 
prorfciod n > a^  and m $M arbitrary. 
Hr aaoaaA oondittoa (2) of M3*89&oo i t follow* tbat 
for fixed a ooqoonoo of oleaoota 2^* |* | V fc^) ?»•••• 
V N f t#tt | rtcttlia bounded «bon a — > - . x*t L f y f t. 
Damn S||B — > yft aaa" by tfe* continuity of 2-nora 
11 **•* 11 i « *** OS. » 2 ^ . «*•»# y a — > o • 
Combining tb» abawo «i got y • a. Finally i t follows fxoa 
tho iaoqeali* (x^j ^ / B tfcat % 
f f t»«jf 4«M» A —ooooarj art attfriatoa* oaa4i%io& 
for a sat 1 l a a 1 CTaaan s a» as H i a j s j is tt*t 
tb*m avista * saastsat I sasa torn* l*r oa arbitrary 
f l a i t t aaaaars as* H i i i M l * f t 1 ( i • l*2#*««t a) t 
0^ 
prtOQ^ . X«t i te fcouaftftft in X# th»n tt*r« •xlete 
*« y C X taofe tfettt |x | £ y for a l l x e £ AOA ttoon 
•loo | I V V * M * H , f t | , i , r | f t | 1 *•*«* *«** 
ifelftft 1J#11OO HM oxiotoaeo of * K > • «Mb tb*ft 
3ttffioianapr# Lot 11 ^ f . t x^t* 11 i x *• 
•*ti«f 1*6. m roplaoo x C E *gr |x| and wo efcall t a n a i 
th*t R oowiotB «f positJro oloaonto. Moreow, without 
looo of gififfiralitgrt *• mmmnmmm that K oootaiao tfco 
maproaui of &U i te finite subsets. 
r^ induction* wo oeloet froa £ an laoretftlug Mqtteooo 
of oloaonto. 
MMMQJT •* *•*» i | U oroltrori l j , I t *j4 s ^ x , 3 . . . 
• • i *m *•*• »!*•«•> owon n l M l t l *ro*i t» *MM «• toko 
x ^ C l w « » * t S t J t , o*i 
H «**«**•*'• i * * l l x ^ ^ H - 1 / m (4-JUI) 
<tt» >UH»BWI l a *w rigbt old* of (4.1.3) to f ia i to ) . 
{ : ; ; 
Sinea II u-ac^ ta |i ^ 11 »•• 11 i K. 
I ( xnta 11 J I f«r a l l n, 
Haaea fey tfaa aaceiid eao&it&ea (2) of 3-KB-apr*o*# th# •tqnaao* 
{*»] *• b00"*a-
Let * a j y . t* aball pre** that y • sop E. for 
arbitrary x e i.t 
I I (x ? s^) ^ t * | I £ So* 11 * • - x f t ta | j 
i II *•«*•* II • V» (4.1.4) 
3ias« *B — > y, the* t«r tea tfm^m of Siddlqi ana. 
H A M I U C* t » m ) - * m — * > « * • * ) - * • «•••• 
taking tha Halt vt (4.1.4). a* «H 
II < « * F > - * • • II • • 
•fclcfa iapllas (x • f k i> UtMOiy i t p f U r t %» arbitrary 
atoatat of X aaft — n T y » y laplJas / 2 s fl>as • • 
•»p * * y . 
G3 
fjsyiaf 4W1«3« Bwnry 3»S&*6p»o» t i s t*«oyaeo# 
lB09f. Sepoooo I c X l» net booadod, than by too 
^hooraa * # i . 2 t for arbitrary natural neater a a f lalto 
aattfeer of oioaoato »jj #•••# *5a * * •*» ** found oata 
that 
It i» oaoy to ooo that for tat ooqotaoo * | * * f » # . t «Jj • 
H « |-^> !«$•>..... | « £ 
Th« eon&itioa for ordoTwcoHtorj^aoo to o prowd 4a 
Tbaowa 4.1.4 i s aot antleflad. tb»o» If tao o t I C X 
pooooaoto too preporty that |) \ ^ a l l a — > o for arbitrary 
xft € 1 t and X^  —•> o tboa E rauat bo boundad and thio 
oigaif loo that X la a r+*opaea. 
• t oaoll mow ooaotaar aa taforoatiag alaoo of a - * * . 
WMBfXOf 4«t4.« Anvt»toBio a aoin i a *aa ft iota 
ffpaeo X io oaUoA aUtttoa i f 
G-; 
I! *•*•» i l • ll*#«il • I I yt« II *•* «r*itr«ry 
poeltl** «lenente x*yta e x . 
I t follows froa tfe* oAUtlvitr condition of a froof 
that 
i!»*t«ii * i^t«ii - ifri«ii * * £ J , * « * * . 
TK£0^ £M 4 . 2 . 1 . **wrjr £-»BMl*oti Utt&oo X with 
oAditivo &*ner» is * a*S3*«paoo. 
KOOF. m ofeoll flr©t oho* that oveiy lner«*elng 
ootguoaoo of oloaoato * a * * • t&ieh to boundod in 2~aorB 
boo a finite oopronpm. In faot9 1*/ virtue of tb» aonotonlty 
Of tbo 2-aora U» 11 Xjjl ^  ! ! • | fxaio 11 < • • oxlot. 
But olaeo 
HV*a*lo,* H V V l l 
• ltV*ll - INEt*II ffr « 2 ^ 
* . » t * oo<p~o { * } * * * - • - H - . - • 
x • 11a ^ omlot (4.2a) 
foosiag to tbo Mait * * £ * * * • " —•* M 
Cu 
«a get x > «B# If * n i y for al l a than agala paaaiag 
to the Halt «a get * i 7 . 
aaaaa x • 9op xR (4.2*2) 
% ( 4 , t , i ) «ttt (4#2.2), a* «*t 3H9 x f i • l l a xB axlai . 
For i t la «av to a»« teat a*a*y countable boua&aa 
set of alaaaata i K U + has a aspraavB* 
Sayaaaa that a l l x^ £ y* «• set yn"*l f *a **••***• 
fisaa y B f am aa iaore&aiag oeqaanoa, ) | y B | | a ^ I |y | | a 
*nd, 9ap y n exiata. 3up yft • x *hleb la already proved. 
Haaea Sap » n • Sep y n . ffcta X la a Ifcdekind -coopleta 
2-aaraad lattice* ffc* verify tha condition far 2-KB-*paeee. 
(1) If fa^l i« aaeraaalas aeqaeaoe la x9 that la« 
*ftv • •
 t t a t a
 " i* smt3 l i» *** t o ** 
• • U f t C - « * ) 
that la * m ~ > a lapHlii t l *»! ! » » — > • r«r a l l 
noa-aaro a e l« U « | | * V l L * e > » 
a • -» 
Gi 
(2) If x^S i» ineroasiing seeuoitoe with tfcs 
•op I I ^ A I I < * then su* xft oxiete. 
Additive 2-a»r» in a speoial oust of the as&otoals 
2-nora wbict i s defined as follows* 
teyisinog 4.2.2, A JMBSB in * FUSS spaos is saxis* 
uniforsfly monotonia 2-asno i f for tarbitrar, e > 0 tbero 
exists a 6 > s see* that II * § • ! ! < « piwios* 
^ • • > o , 11 *•» 11 • X « * II ***••!! < *•©• 
9 M abort*; ttserss ess b© stated as follows* 
maoftSU 4.2.3. S w y 2->au»on lattioe with a uniformly 
aonctonlo 2-aoara. i s a 2*0-«paes« 
G\ 
* •frglff,, Vfffffff, .tirfE**?* fttfgfflff 
Xa Chapter XI we n«ve staftled the concept ef 
Masaeti lattleeiwfcioh i s a 2«dlaeftsloml 3nabD;es 
IHMOh lat t ices . In the pretest chapter we hat* isvestifated 
the oeadltloa under which d & t l v e or i f or a soever i'enee 
mad t-aer* eetarergtnee i s d»aa*meh lattice are equivalent. 
p»*«mf|i *.i.i.M. i** (ititii.il) bt a aim* 
la t t ice Sit sequeaae {*tt^ I* «»ia te be relatively 
uaiforttijr eosvorfent to x t i f there exist* u > e , ^ € r9 
>^40 » each that IXjj-tcJ i >fc u for a l l a. 
KnKltlQB 5.1.2. [5lJ A Baaaefc U t i l e * ie called 
abetraet K epaoe er (AM) i f i t* near* satisf ies the 
fe l lewis; eendlUeae 
l A / M **&*•• lJ««rl l» | l * f l l . . (5 .1 .1) 
||s»arli»«* UWWbrll) * » * * • * * • • 
PSnnilQI 5 .I .3 . i la t t ice 1 —m (m«r) —> I fctJl I 
ea a weeter lattice s i s called s 2-oons i f i t catlsriee 
(UJ 
tto oxioa 
X. II* • 7 , a | | - | |* .« i l v liy.ojj 
t . U W • oi l • ||x»jr!l • ! |x»ttl 
(8»JUt»il) 1» called X SNtorowd 09000* oad if 2-aonood 
BtiBtxoh lott ie* lo eollftd ototroot &•» If 09000 or (2«AX). 
amaifiiflF 5.1.i. z«t (s, i , I !•,. I!) t» » M O M * 
la t t ioo , A ooqwmco S*mj of l i s SUM to to tolntltoly 
oalfortily «NWorf»«t to x t i f the c oxiot o > ©• X^  e F, 
XJJ\ o t tt«wfa that |{ xy*« |( ^ J^o for o i l a. 
yymayi 5.1.5, A •oqooiwo <i^ of a a-no^d 
lottldo t ie oaid to oonvo-gent to x i f ||xn-«^r! I - o 
for o i l y € S . 
8099000 B^  oad *2 oro t Bgomnb lattlooo. Ihojr 0*0 
•aid to to otttlvoiovt If ttero oxloto * tootor Ut t ioo 
imnmryhim valor ofeio* M i r o i oro oq«irolo»t« to omll I 
to —aoiioo aoita-a If a mmm oad roUUvo otxtfam 
ooarorgoaoo oro oooiTolMit for o n ^ w o i o* ft* 
CJj 
5.a. M**BW mgwmi ttfripyt mq*?* COKT^ICI 
i f wad only i f r t t r j ooqu«aoo f (a) of posiUT* lntoftro 
•a* o w y Moataoo 5 x^ WMV^ H I «£*? I i - o, w ham 
II l*Bl • I***! * ••• • *m**W\#\\ - • . .(54.1) 
IEC!Cf« Ha* proof of thio loan* 1* aaaogoas to 
lEfiORSM 5.2.1. Xf (S, j{t IU.I1) I* M a t i v t «nif«r« 
thon i t i* •qui**loot to 2* M opooo. 
PHpCf- Siaeo £ io rolatiro waif or* and I f ^ y l ) *• o, 
for »U y € S* «• ha*a 
fo« •vory aooataao {»(* ) ] • * *»*i*l»» iatoaoaaa* 
fhj» 
It K|l • *»*** ••• nvt«»*ll4l&* a,y|| 
/ •:) 
b*ea«aa X^l o, 
9.3 •£• *» •» 2«£ ftpae* * 2-nwra oaavargtnt 
aaqoanoa has * 
PRQOf^  £•% $*B] be a a-aavm eonf»rgent Mqoane*. 
Defeat* J^ T # M T » B Igr 7a« «• will * o t that j« la 
Cauehjr* I*t n > af than 
^aVf 
*i" r »" * r " i * •*• * *• 
( * 4 - * l )A-«..—A*4-%) 
<V«>* i (VS>* 
IIW*II-II v tyajVll 
i " L^» W«« II 
«*«• ^ j r a l la a CAwDhy. Let | | # f # | | - l i n wm m T • 
i f than fallows, froa ti* fiwt tto&t tfca pasltl** com 
Is (2~aor») oloata, that X • V * - . 
art 
__ 5.2.3. ft* following ©tatammte are palrvlaa 
1 . E la relative o&lfora* 
2* £ i s QQulT&lfcttt an 2-S opacaf 
3. fx^l 2 -»ra oazsmgea iag&iaa t««t T xft axlsta, 
• . ^ * * « - . o . w w r ^ m i l * , tft.% A * , « ! « ! . . 
5. ( x a l fraara eaofergta lapliaa that J K^ orator 
ftla axtaafla a raaaXt at Aaotrav^lrtli f i ] 1A 
2-dl—nlnml saat* 
. 1 feaAlaa f la ftaoias f#f«i« 
t Is tUc* 9 la ftotvoa 5.2.2. 
I »« 
3 lapll** *. If 11 xfttx | i - o %mm 
<kjtl*l> 
So xm rolatito uniffiVtt eeof** «aa« to «# sine* S Is 
*rehim#a«an [9»t 3 follows. 
3 iraplloo 4 ox* oqulvftlflnt. 
If S x ^ 3-oonB cowrersoe then eo tee* J***? • OBd 
nppoM {Xg**} «• O for a l l x € L. &•& 
mm 
v j • i • •• 
Boaeo 1 holds* 
(m Kay ***m» without load of genmllty that J Jx^xl | > * 
for o i l a ) . 
CBA PrKP. m TI 
MSWHff? *Hf*<rff 
Diamante* €inler and fifclte [ 1 5 ] h»*m studied the 
coaeeyt ©f 2-pre-^llbert 3paee. lfeey have obtained tb© 
condition wades' whioh * *»ncr«ed epaoe Is 2 pe*e~fcllbert 
apace. In the present onaptor, we atedjr the concept of 
2-pre~hllbert l&ttle©. Bee Idea several reeelte we ale© 
obtain the condition under wfcdUfe a 2*ecaraa4 lattice 1© A 
2-pre-ailbert; l a t t i ce . It my be renarn** that the r©e»lt© 
of this ohapter are 2«41a©n»linftl analog©* of ttie reeolte 
obtained by Ih r^la «1U» [2 t ] . 
6.1. toft****™? 
L©t L be a vector la t tie© and i * - { x C L | i ) o J 
tnen L* le a ©vblAtile© i f t , ftr i C « | a | taet tht 
^©y^^^©^^*©©* ^^W^P^WW*©©)^MBJJ s W^^J ^ ^ ^ ^ ^w^» eflneteet •©©©^©•^ a, • ) 
•all©* «Blf onfty aeaoteaa «*•*• attaa i ^ t w i M i f la t 
& > • a© ©©mil feat f t « £ w o j r 4 * © s £ w • « * 1 1 * * 11-1 
©fewft 
f fs^ SoT 11 i M s e r h • • to#Ue« U»©?|| J t 
$>mmUQ9 6 .1 .2 . A frWKWA l « t i M «l th BBiftrsOy 
senates* 2-n»f*s i s oalled a oolfors nonotoaa S - M T M I 
l a t t i c e . 
jp^Jifr If L la an «mf entity aeaetooi 2«oera»d 
Initio* aad a < b fear a* b t 2,* ttten }}*,« 11 £ | |bto 11 
far a l l o e i * , follow* IsnedjUibel? f*o« tfae fact ttaat 
(ft) • »» |b | « b. In fact UMI following rePelt bales. 
m.O&m 6#1.1. If a,b I L4, L l i aa eatfersfjr aonotone 
g<*our—A latt ice , ana i f a < b t than | |a fej { < ||b,oj | 
for a l l a o e L*. 
Riffi* Tr9m t h* 5*«©***»€ dloenwlor., i t suffices 
to shew th&t | | a f e | j f | |%»#e | {« Suppose the oo&trarj, 
2 j!» teii • | | 2a # c | | • l |a t ei l • I|b#ojj 
I ii a***!! . 
Bit a + b > a > * ( l a • « * « a, * » eea*le«l»A la 
l - t t l i f ) as ttaat 
2 !!*•*!! • II • • *#• II . 
7u 
•JAM l» U iMfom aoaeten* a»atina X*ttlft*» for 
e >©
 t ttero Is 4 > • »o that *,y,« £ o , ||x»y|} «& 
an* | j *•«.* II < X • ft toply !! «»j 11 £ C, 
HBw§ 
2l!*»«lf 
| |a ,e | | 2 | l * f c | j 
* i » « b-*f* • J* ft . 
l la#*ll < 11**11. 
y^mi'IQg S a . 4 . A <«Mt ml»fttloa OB ft lfttttftft Ii 
i s ft r»«l vmlati faset ion « w i x i teflot* «r 
TOlpfS 6.1.5. A AoetiU e l ec t ion U cnll©«Aif for 
i f far ^ > y1 § x2 > y 2 iaplioe v ( ^ * 2 ) > v(jrt9jrtK 
y ^ I O f «JUL A U t t i M t with *B * « i t i * * 
iotttft* 1*1nation i s o»llod 2-nttrlo la t t ieo , 
pypq^iog 6.1.7. | i e i . T*t L b« a l i s t er .pact of 
diaonaloa greater tt»a en* tot (•••/•) t» * *•»! valotft 
fonetioa em & HZ XI wtifet* oatiefUe the following 
0Oa61tiOBB t 
(X) (A) <•, */h) 2 • . 
( i i ) UfA/tO • o i f *x* o d y If * «ni b «*• ltm*tly 
dtpoadont* 
(4) <•»•*/•) • •(••V*)# *•* •wry m*l « t 
f-1 ' 
( • t . \ . ) to oaila* * 2-inner praooot a&d (I»(»». |#)) 
a 2-^ra-Bilbart epaca C 1 5 3 . 
fltniqjIO^ 6,1.8. & 2-ttorwad tottito tffetoti to ala» 
* g-pra-ntttort apaaa to oallae lfW«lHltort la t t l ca . 
ITWIJ 6 a # 9 . A ••* *f wetara J ^ t * ^ . . . ^ . . * 
of 2-pra-HUtort spae* H to oallad atrtfeeftoraal oif 
*»*• *^«) * i ° for a j* • 
0 6.X.2. tot « | 9 *£§•«• to *» ©rthonoraftl 
• f vaetora in 2«yra«ailtor% apaca, and ^»>2» . . . c * 
aaqaaaoa at eoalara soeh that t 1*^1* < • • S*fla» 
to£ 
A 
y n • * *lt *fe» *&*»# the Mqaeoee ym to C-iucby * to* 
1« tot s to an arbitral? n&iwaara CLaaant of L 
> iJajt^V^V. 
2- ^ , (vv.) 
•--.• r; 
« m 1 * 
tee**!* £ j j^r — » • a« n — > - , 
I t«k#«l|2 • (**• » | / , ) * !> b«caoat at^  i» of thoiwr • £ . • 
6.1«3. I t s^ *» *« ©rtkoaorwdl of lootoro 
opaco 1A a 2-tiilbort «paoe ana ] ^ i l l Mqoiwf of 
ooaloro o*cb that z |>^ r < • » t&om the s«qt*»oo 
7 n • £ *fc *k ••"•• r ^ n t to limit x, donotod tgr 
X " E *k V 
ffiOOf, **• proof of Theorem 6.1.^ fottov* by tho 
% eo»p1oto»ooo of a«org, KUbort opooo rhm * X j ^ 
ooflforgoo to aoat llJAt o f H I tfcot i » , 
A***-
*«*«+• M l ! Mil 
of toctoro in « 2-Kilbort opooo* Soppoot s • t X, «*, 
(1) (**/») • * X. J4.» n r l t s oeowirglng fttaa > it»Xy • 
(a) <x, aj/z) • 3^  
(3) I ! * * ! ! * * ! „ & * ' * * |Cx^j/»)a . 
% definition BB —-> s # and t f t — > y , henoe 
<x# y/z) • EXj M|J. B«placlnit a , hy f^f, and ^ fey 
l ^ l t i t i s el*ar eonwrgt&M Is ateelat*. 
(2) HO* 1* speolal ease of (1) . with % * * *** 
jk • • tat a l l J t k« 
C3> M » y • « to (1) . 
noWri In * 2- HUtort Spaa*. F*r owry *»et«r x f 
8 
( I )
 M * • J5i **• **/z) V s * l 
2 _ f ir. • / i« 
Ml 
isocr* » J t^ Xg*..., 3^, «r« art»itr«ry «**•»# 
Ik, A 
• £ l.^l2 (i|r ofrtfaon rmllty 
•<«• »-J. V«/ l ) * * W'g .Vi / s ) 
'^•^tiW'1 * 
t#****i1tfhe**/j 
8^ 
f% TL fi II 0\ 
ll*..!!2-^  VW*1-^  V V ^ ' A 
11*,« 1 I , - I ( « I V , ) ^ , > , ' ( , ^ M , ) 
Xf « • t«k« {x^/t) • Xjj, 
•ad tM latqa&Utr (t) M l * * «jr (I ) , that la 
8.'i 
CCWOLiARf^ lf x t , x 2 # . . . i s MI ortbojtorml 
•oquoneo. 9mm for an/ leoter x t r. (*# * | / s ) £ | |x«* | ! S 
for arbitral? noi> —ro i l a R , 
Sspposc x B l s t n ertbonora*! ooquonoo of vtottrs lft 
&-»Hllb«rt ootaee* 
£&*»» **? w c t w * t th» scalar J^ • («* Xj/z> satisf ies 
£ i \ , I2 < • t T^ Corollary of The#rwB 6.1.4. According 
art X 
to 1M«r«« f .1»5. on* oan farm tbo victor y • r L L 
and by lbs ftmi 6*1*2 Cf. V z ) • * * • < « • V * > f , s r 
oi l k. 
Xtt ftiy c&©© (?«•£• «j/z) » (y* x^ / s^Ut * | / z ) • o 
for al l k* 
Bene* y » x i f x^ «r* total* »>•» «• saa oonclndo 
* rosalt as follows* 
yROajM 6*1.5. » i § ! • • ortho—wal taste fsr tt» 
irftalts diSBcsiooal 2-Sltt*r% spaa* B, tasaf «r 
vector x , 
to 
x = I ( X . I T V Z ) ^ . 
k=l ^ K 
8 
3r msareo 6.1.2, Diapreo 6.1.3 a&a Tbeoraa 6.1.5 
«• corrclode Itet following. 
BL.O^}! 6.1.6. If 0 H i 3-prs-Hilb«rt ipso* ana 
A i s mxXml srtfecmoraal aubsafc «f HM tbat A fts as l l 
orders* , * » x tfeam the follovin* bald. 
1« ffcr &iy i C Hi x • t: <*f f / k aaa 
a < ^ a~ a a 
2. I i*t»! I2 • £ (*• * « / . ) 2 * • * arbitrary aoz>~a*rs 
a < r * • 
i t H , 
Zftt A and !' ba as in tha previous sactica, * £ y 
if and only i f (x t *«/a* £ frt *< /p **r c < ^ • *"** 
i t i t easily saan tfeat H i s a rooter lattio* uadar thia 
partial ardaring, 
p*fff_g|f 6 .2 .1 . * T *-fr^KH%«rt spsoa 8 « r H 
partially ordarad to ftom a 1 ars .miter t lat t la* . U* 
a-pra-Eilfcsrt latt io* I* * aaifam att»ta«i a m i w l 
latt io* and i f H ia a 1 jri U l i s r t *sttia* tfcsa I* Is 
i s a ft-aatrie latt loa. 
8'"; 
sp&o* K ie a partially or«er»4# l*% |x| <: fcrl t&»» 
K*t * « / ^ l i iCar» *«/*>! *w *U a < K In v*i»w «f 
ti *•» II i Hy.» I I 
IfcoP K in a 3-pr»-liilt>«rt la t t loe . 
( i i ) fata* C > o aM ft so tbat 
• < fi < ( 1 • « f ) - 1 . Hiea 26 • 6 2 < e 2 . 
*•* *•*#* 2 »t I l*#y II * i# i l**i»yi I < i • * . 
rhan x A s £<^- ( x>\ • ) 
| * •« | • »•« • < X V I ) • C «A« ) 
I ( S V I > • < * A * ) 
• | » * I 
9«t by the thewea I \"l*% ( M L t . H ) * • * 1 — •••• 
ar; 
•p*o« in vhieh tt» oonditleJi 
l i * * M I I 2 * 1 !•-*•* I !*«•*<» !*»«!!*• | |*t«!!a) 
satisfies for V9*TJ *»bfe e L'.' 
!l«#jr!f*S | (IM«^t3rll^ll»-«tyil4-«ll*fjrH t) 
< 25 • £ 8 
•o that 
M«»yJf < « . 
( i l l ) m a n * only oho« th t there is & 2-owmotom 
•triotly increasing funotion of the 2-n©ra in K, flfaiefc 
1« a modular 2-funotior*l on H*, 
ill* afctv&cm* ohelot, tdf eetfret* S* 
•(ft*) • IhWtl* . *• •«• tttt * * • i s a M l t U r . 
«* a b w i f ft** ttworta £ J of (&«JUD 
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• | {!!*•*#•!!* • IKIa-rlMlaOII8} 
NITBaCi limft gX«»»»i»S 
If 6 .3 .1 . If % 10 a a-mar—* latt ice ar« «l«mat« 
• f L* aatiefy tto rtlatloc 
then L ifi a a^pre-HUbert l a t t i ce . 
£§£<£• 3u»P«aa t&« hypottiaala halte, 
| |<|a*b|)A<|a-%|),M | | 2 
• IKM»IMf*-%l),f*l H*} 
8o 
- li<l***J>» l«i na*fi<l«-*bl«l>* 
• I M > f c i j 2 * ||a~bf*{{2# 
ffWP-H 6.3.2. X#t i ba a a-»-»<5 lattlea l id i* 
b* 2-e»trle lattioa motor double miration v(x9a) - | i*#«l | 2 . 
If (6.2.1) satisfy fa? pair of eoqpr&bla atoaaata (x»y) la 
X,* Ki*
 t then 
I I * * * i !*• I |e-b#e | | ^ 2 ( | jftte i |** 1|bt« {|8) 
sa lsfy in L anfl L i s a-**a-Hllbart Xattloa. 
£n00£. % thaeraa 6.3.If i t eaffieas to show that 
( | a*b f o | | 2 * f{f i -» t«i | 2« 2 (Ifa-oll**- j |bte | | 2 ) holda 
orwr x?# x*t e,b t L*. 
- !!•••••! 1^ 1 M M Ila 
Slass avb ana I A I am oaapaxabls a&A 
a • b • ( avb) • ( aAb ) 
M > | • C a v b ) * ( »A* ) 
| | (M>i ) .« l ! - »M»t«!U 
mi^gag 6*5.3. x#t i» * a a-aeraod apaoo. Hum 
tha following condlttona a*o aquimlan* palrwioo: 
(1) L l i a 2-pta-Ulbart apaoo* 
(2) fisoro exist a a partial ord^rio^ la L »o that L i i i 
2-mraad Xattloc and (£.2.1) feoloo over L+ dafinad 
tp t&ia ordering* 
(3) Sioro axisto a partial ardorin^ 1A I so that I Is t 
2*aoraod lattloa, ttsa X,* dofl&od *y ttelo ordering 
la a %mm*tl9 lattico ander ?(**•) * j | * t a | | * and 
(6.2.1) hold* for pair of cooparabla alftncnto (x*y) 
la thla *,*, 
(•) (1) holdo o*or L. 
DO 
CHAPTER - m 
wmmammmmammmimaumm 
fetor? of partially ordered aonod opawe fcav* o»*a 
wwrjr widely Aincuered 07 w. 0. Krlen [44j» la thin chapter 
we define partially ordered a-ooraed opeoee whieh Mir no* 
be 2~nora»d Ut t ioe . #e haw tooted tint how for the leeolte 
of Irion can tie carried over to such ogeeee, 
WiWIafflf ?.Ui &!]• A iwtnaur «**** in*** 
epaoe Is a real linear apace wbioh aatiaflee a l l the 
reqaireeettte of flie definition of f ieee epaoe except 
axioa III ( i . e . for any two elesente x»y e X their 
eapsrenua x v j ex late) , 
(4) i f x > o» thou x ^ o . 
<U) i f x > o and jr > o# the* x«y > o, 
(1U) if i > « utf Ibi nlfcir X > •» ttom te > • • 
y m g o i T»i*a- A partially wtmt • m ••! •»— 
X to eelled a M r i e a 91600 if tbo e»t X+ won to I— a* lots* 
oat interior peiat. 
gHBOWt 7.1 .1 . U t I H i ****•» cpeOO. 
9 
1) If X oontalno oioaoato which aro diotinet froa ft, 
tnon tb© oloaont 0 can not be etroagljr peoltlvo* 
2) Ttador the condition (1), tno relation x > > y 
tap&ioo that x > y# 
5) If i > > « | y > > « | tiaon x • y » o, 
4) If x » y
 9 y > n «r i 2 It 7 » s i thorn x » s . 
5) If x >> © and the «nfeo? X » •» tfcoa >X » o . 
222S*. 
1) Lot A to an Interior point of tho Mt j ^ # Bion x^  
oostaioo tho ophoro with oontr© o t that i e t thoro 
oxleto a nanno? r > ©t a e * 4 otaoh feat *£(*) • 
f\{x C | lia-x, x J} < r ] c ^ ih#r© i. • f > t r ) j . 
lot «o tale© x / o witb j fx9*{ - < *# Ires tho 
inelcaio* \ ( o ) C . 5 # , £# «*K t ^ » whiofa io 
not pooolbU for x f o , Monoo • in not an interior 
point of x #^ 0 in not otronxly pon l t ta . 
2) Followo f*o» U ) . 
3) &***• x » o t thon oono noigttourbood f t (x ) C | ^ 
(for no** » > • ) , £ - [<%•*)} l * » « V(x*jr> 
(for ooat T > o ) f £• »^(av^rtr>] 
«••> H o - <x»jr)
 t • - <•**) 11 < r 
* $r x >> 0, wo ftton th*t x io otr le t l j pooitSv©* an* x » y 
•> I !(**)-«# <»-r> - * !! < * 
»> H « *S(l)C^ 
> • ! • 
B«ze« W £ » ( w ) C X* and *4y H IUI JjiertdV point 
to **• 
4) f©Xl0« froa ( 3 ) . 
5) aBR»ww % ( * ) C X*. (for seat radio* r > o) , 
| | > * - « , • - • | | < * 
MfctHNfcMll - I|JU*4«)t*(*» | •> II 
1**1 ll<>*»| • > • • - ! • II 
< x f * 
l l - | . . * - | « l l < * 
n„ 
X 
—»> » > > ©« 
Hraoo W •<fcO ^ mi ) l i t t t lnttrlar polo* 
fiSgt-ffl 7#1.2. Hia 2-Croia •$**• X oortalning 
•leisoiito dlatlrtot fro* aero* twry poBltlv* oloacnt 1* * 
point #f condition of tbo oat ©f otrongly positive ol«sents. 
gfcar. Lot B > > o. ffeaa w E(e)dX4. • i• • £<*t*>} 
f*r oos» * > • • Ifcon by to* St»»f»oa ?«1«1 (X) u > ©. 
StiM arbitral? olonont J i • *»* arbitrary c > e. m©nt 
by tb# ttooero* 7,1.1 (3) as* (5) / • « « » © . torn am 
oxbltrasy aol£ib»*rbao4 of tbo *l*a*at j ooataiao a 
ateeajftr poaitiw a!***** ablate la alatiaet froa jr. 
omprioi t,i.» f*rL A in l i l v i ti«iBt m of 
partially l a a i i l liaaa* ayaea I 1§ aallat • «traaaly 
omltt I f far armitracy * « * • tfcara oxiota m aaafcav 
X > a aaft* t *a* 
• X « i » i * * • 
9 i 
f fgya i 7«i«3, t»# concept ** etrang unit and of a 
Btrengly paaitiT* «l«n«n« am equivalent in m 2-#rton 
•paca, 
FRQpy. I*t X be a Mr ian spae*, Soppaaa tba 
• I t o i t l « t | i s atraoftlr po»iti*» and V£(tt)Cl^ 
(with r > o ) t E • {(*#*)} • *a» an arbitrary i t l , 
If x • o. %tmn th« condition of otreng unit ia aatisflad 
far arbitral? X £ ©• 
If s f s i titan eonaider tto e lament 
191 
Q • — !• •••> •» . •— • mini — > • i ii •«•»
 # SltXMI 
2( | |u t x| | • t l».x|! ) 
at r« 
i(l l*t*JMI*.*ll> *H«#sjM}a9xjj) 
4 * 
i;K; 
Haooa « • • ••• ,m u H. » * 
— > „ - , - ,., ^ > * * * • 
Fr&a wbloh I t follows that 
*( ! i«*! l • I I* .*!!)* ** (JI*t*IMI*i*ir) 
feat Is -Xa £ * £ X* , wtoar« 
acumen • ll*.»|{) 
r 
Sano* t la a strong on i t . Jooraraaly 
Camraaly $ 3^ >paaa feat a la a atron* wUt 1A tha 
afaoa l . Slaea x l i t Mrlaa apaea, than ttara axlata 
a* tUMBt x » a, m *m ttttaattoa *f atraa*i*l* • 
Xa £ a f V H M X > a. * tha»*«a 7 a a (4) i t faUaaa 
that Xa » a, ©onaaqaaatljr 1? WUIMM ?•*•* <f> 
• » • . 
0 G 
Mrmiff l f 7 .2 .1 . * ••* ^ In a partially «r4«r«4 
a*aaraa* eyae* X I* called namo! i f tbara axiats a 
nsabar A > • aocAt that | |sty»ft M i * *•* arbitrary 
* * ? # • £ • w i * | | s , a | | » lfrt-11 * X. 
It la clear tfeat la thia definition «a bat* & 32. 
ttfrOK*fct 7.2»1» U *+ i* mtmX than 
I t a r»« l l2$ aw (ItftaslltlfarasM) ...0*A) 
Far arbitrary x«y»s Z • • 
Ifflflf. In *««*t tbc intsuftllty (7.2*1) S» obrioua. 
i f * «or y a<jual ta o . If « , ? , • difdwent fr©» a, aaA 
•OBT *•• «*• w>t linearly dapaadanl, &«n eonsldar tha 
e«*» o < jty.«ll i I I** ! ! • ! . 
I I * * t » l i 2 X - I faTa* It a 
8 
IV, 
I 
i l l * * ?7 H1 •» II * &* I fy»*t 1> 
I ln*t I 
2 a * 11 *•*•« 11 
ll»J»« (7,2.1) holds. 
?.2#2. If the tfit ^ la nftrml in part**llj 
< r t « i l 2-mrm& *B& tbt tl«e«ot a » o, tben tht s i t 
* • x , x e I , . * < i ^ n i t beu»4«<i i s 3-ner»# 
g W t . U* * « t lapUes l;iit-.t « « £ * £ « lapU^s 
that • £ « • s 9 8 • 1 2 °» » 2 0. 
Il*«t«!l - I !««•*«•• 11 2 r .p*<||»~ t«ILn«*x t . | | ) 
Cur m r n T^.i) 
II *•«•«!! i £11 «.« II 
s 
!!»-e»s|i i £ II «.« il 
iKi 
and ttea 
ll*t«ll • § ti(x»e) • M , i !) 
i | !i|»»tt*|!+ |}»-*t*||} 
i | ^ | H**)! * f || *•«!! } 
• | CH «t« II • 
iUi 
CHAFSSEW YIH 
M M M W N M H M M I I 
In tisa prerloi • chapter «• h#w pr©*od **m rooalto 
for ordered 3-ojrned opocoa. Tfcla ohapter doola fo«ul«s 
pr©*»<5 for we*« gamrmt speeea a&nely ordered M B ! a t r i d 
spaoeo. 
gsyigiaqcoy s . i . i . A MKI a-wra p *a (B,e) u 
orlied : 
(«) aonotono i f p(*,«) < p(j , t ) »h»a«v»r o < x < y s 
1&BJ 
(b) abooluto Eoaotona if p(x#«) < p(yf«) wfceaover 
-* £ at £y» I f l l . 
P ^ m i f r g *.l.2.(fc©l» A aebftet A of (8,C) i s oallod % 
(•) positional aw? -oiayn i f C©t*]cT A vaaatver 
l U and x ^ o . 
P ^ i m a ^ 8.1.3. |>0j . A att A la an <?rd*ro6 
•pao* (£,0) ifi e*i4 to bo doc pay Ion olo i f for oaofe o in A 
10 
th#re •xtmt ^ t «2 l o A f\ C •ceh feat * • ^ t ^ - X ^ 
for M M 3^, Xg 2 • »***> >i • Xg * *• 
KtfgRSg a . l # l . 3** P b« e eeal-2-nor* o n * * 
ordered vector space (1*0) and U t T • [x € I',*(*••") < 1 
for • • e S^. Sfcoa t l» following »t©t«**ato bold • 
(a) P ! • aboolote-»onotone «hoa T i s aboolttto 
(b) P i s aonotot* taoa V Is posit; Ivs-order-oocvwe, 
(o) • la ordcr-ooarox, p oafeisfifio the feUowiftf 
condition*
 f 
x
 i y i • ^ s latplioe 
(a) Consider p i s i b w l i t i aoafttoat f t * «* £ x £ y 
i a E. th is taHin PCs,*') £ p(y#«*) * » »* t t . ftd» 
^ T i J l O • . % dof ia l t io* Of • . P ( / ,» • ) < X fttl'll, 
Hau* - y < * 4 7 ivpUM p ( M l ) i » ( y i i l ) < l 
i n p u t * p(x,*») < 1 f«r »• t : 
l<v 
mmm> %« ? 
<b) ft oa& prort tftija la tlit mat line aa abeva (ft), 
(©)• If me avpptm x £ 7 £ • in £ lapXlas 
»<7»»f) i • » { pU.B^t »<a t« f)}*a* »• € S. 
Ulan wa will afcew that V i s oraar aanvax i#a# [x, i]CT. 
Scppeat y C §ttaj this JapXIaa x 4 f $ a iapllat 
P<y#a») £ « * {a<x#a*)iP(a»»f )}*««* a1 e I . 
Oct x,« € ? tepUet p(x,i») < I ana p(a»af) < 1 
*—*> sax {p(x ta*)9p(ata*)} < I 
*"*•> pCr§af) < 1 for af e s 
•••"»> M ] c f « 
ffi»0*i» 6.1#2. l»t » ba a i i a l a u r i ae aa 
trdaraa vtattr tpmea (B»0) aad la* • « { x « S/^(x,a») < i t 
t*r I ' d } , fbaa tb» fallaalat a tat i lKtt a*a aatmian*: 
(a) f 10 Hetf tttltt, 
(b) Far x 4* B and aaefe poaltlvt raaX marttr C 
thara axiat two patltiva altvaata t | f t j a l * 
10.J 
pCxj^s*) • p(x2t»*) $ pCxt*1) • « wfe « » * * • * W 
fTOOf. (n) l «p l i#« (*> L«t X e (p(x»«) • C) V 
tire* V 1» decomposable tb«ro »xlst *^v *2 la l O c 
and ^ , X j ^ e »i*h 3^ • Xj * X meti tluit 
x <* (p(*t**> • «) U , ^ - X J V 
th«a 
£ (p t s t« 9 ) • € ) * ! » ( • } • * * ) • 
• ( p ( x , « • ) • € ) X8p<v2»«9) 
lapliot « * t pC^.-M > P<x^»») i ( p i * * ) • t ) 
P U ^ . M • P U 2 * ' > i ***•«*> • t < i # 
1 ( K > 
such that v » TU • « 2 # 
?r?k» positive real number &1# S£ euch dbet o jj p(Xj,s') < 6 
for each 1* and \+*2 m ** ? h * n * t / * i f *fc^8 " ^ ** ¥ 
and r • W V * W V € lK?)* 
Head* V ift deeeepoeable* 
feRIKp-Qqg 8#l«*«[<c]« A wilwet B #f CltC) in 
said to be ; 
(1) absolutely dosJjsited i f for eaoh b in B 
ttiere ex i s t s x i n B t^ och that - b t b ^ x f 
( i i ) positively do&laated if for eacb b In B 
there eexlate x in B cooh that o* b ^ x ; 
BBEIf-Hy G»l«3. tat p be a eeai*3-«©ra en an ordered 
vector space (S.C) and l e t ¥ » { x € £ / p(x ts«) < 1 
fer a • € s } # 
9i eanslder the following a%iteee«la $ 
(a) T l i abeeletel / dominated
 9 
(H) far Often x ia E aad ee*n t > e fbara es lata 
j in £ with 
each that ««, x £ y t for i l l , 
1 0 - i 
WJSL* 
(») iapit*s (••) n t i e (p(*t«) • €) f. mmm f 
ft* absolutely dMdmttd —•> V b € V tbtr* ftxist i t Y , 
aooh that - b f b J a . 
©*k» x • ( p ( * , « ) • «> * 
p(y»i) • p(?(xfs) • €)*«•) 
* (p(x»s) • 6) p(ft,«) 
^ p(x»») • C# 
[ SiBM • € ? *»»> p(a»») < l f t r i t s ] 
»nd y • (pU#») • « )* 
• ! » * • b , -b £ ft 
— > {*<»,•) • t } <-*> MA 
{>(*#•> • « > • * r 
io;, 
(»•) lapllaa (a) far •noh x € B ass aaab € > o 
«*«r# «elat y e , with p(y.«) 4 p(*#a) • t far a l l 
• t S, Let • « V, than the** «xlat t > a avafe that 
p(*»») • -€ £ 1 for thim T and t ftp (*•) tfecra exist 
y C £ »i%h p(y,») < p(v#«) • € asA aaafe that 
•••> pOrt«) < 1 
«*»>y f V 
Rasea f 1 * AaftlM&ftft. 
Similarly «* oan gfeow that 
(b) V J* positively doelmted, 
(b«) fiar aaofe x € £ as* each e > e tbara «xiet y la S 
*it» p(y«») £ p(x#a) • « amah that • • x £ y • 
ant «?alvala»t. 
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